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Let Finynv—1)/2) = RN @ RVN(N=-1)/2 1e g connected and simply connected free 2-step
nilpotent Lie group with the Lie algebra f(y4n(n—1)/2) (Which also is identified with RY ¢
RN(N=1/2) " Fix a basis {X;, Z; ; | 1 < i,j < N,i < j} of the Lie algebra f(x4n(n—1)2)-

Their bracket relation are assumed to be

The group multiplication

* 1 F(N+g) X F(N+£) — F(N+£) (6 = N(N — 1)/2) is given by

(Z T X; ® Z 25 2:5)*( Z )X ® Z Zii Zi5)
= Z(l‘l + fi)Xi &) Z(Zij + Zij + 3T — .%‘j.i‘i)Zij.

Let X; be the left invariant vector fields on F(n4¢) corresponds to X;. We will construct the
fundamental solution to the following degenerate parabolic equations on Fyg):

d
%ew(t;amD) + Pe”(t;z,D)=0 in (0,7) x R",

e (0;2,D) =1,
where

1eh .
P:-ii;)(f.

We can construct the fundamental solution e (t;z, D) as pseudo-differential operator with
parameter ¢ according to C.Iwasaki and N.Iwasaki[3]. In our case the precise symbol e(t; z, §)



is obtained. By this formula we get the following theorem for the trace of the heat kernel
Ki\F.s (t) on a nilmanifold L\F3,3), where Lis a lattice defined by

L Z{ (ml,mg,mg,kl,kg,k;;) | my, k; € Z }

Theorem The heat kernel trace of ASL“\[}?(HS) has the following small time asymptotic expan-
sion:

™ - o0
KL\F(3+3) (t)= 3;(@75 92 4 o(t™).

We obtain the following theorem for the spectral zeta function:

1 oo
sub _ s—1
oo ()= 7753 /O { Kivmg,y () =1 F 7 at.

sub

AV (s) is meromorphic on the complex plane with one simple pole in s = %

Theorem (
and residue:

1
Res._o (390 s) = VT = )
S,gCL\F(HS)( ) 32\@” % ) 210v/2

In particular, it follows that the spectral zeta-function is complex analytic in a zero-neighbourhood.

We have the similar results for F{y.¢), where £ = N(N +1)/2.

Theorem (1) The heat kernel trace of Ai’@;w”) has the following small time asymptotic

expansion:

Kiri s (1) = @rt) N0 | W(OC+0().

(2) The spectral zeta function Cﬁ%mu)( s) is meromorphic on the complex plane with one

simple pole at s = % + ¢ and residue:

sub _ 1
Ress:N/QJrZCL\F(N_H() ( S ) - (27T)N/2+€P(N/2 + 6) R W(C)dg7

where Q(¢) is a N x N skew symmetric matrix defined by

V=12(¢) }

(Q¢)y; =Cy (1<i<j<N) and W(C)=\/det{w_m(o>

If we take



instead of P = —1 3 X2 the trace of the heat kernel AL\ Py M Co\F(yy, () have

many singularities. For example, Cr\r, (s) has poles at s = 1,2, 3 and their residues are

[N

2372 N\T(G+32)
R ) =— =By | = | =—/———=~ ) =0,1,2
eSlS:S*]CL\F(3+3> (S) (2])'77_% 27 (2) F(?) . ]) (j )Ly )7

where B;(z) the j-th Bernoulli polynomial.
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