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1 Abstract
In this lecture we discuss about lower bounds of energy growth for solutions to
(1) Otu — Z Oz, (asj(t, 2)0p,u) = 0

i,j=1

where a;;(t,2) = a;;(t,x) are smooth with bounded derivatives of all orders
such that

( ) a”(t,x) = 57,]7 |fE| 2 Rlv
2
A_2|£‘2 < Zz’,j:l aij(tvx)fifj < A2|£|27 (t,.’IJ) € Rl+n
with some R; > 0, A > 0, that is, (1) is a compact in space perturbation of the
wave equation 02u — Au = 0.
In what follows we put

a(t,x, &) = Z aij(t, )85

ij=1

Denote by H the Hilbert space which is the completion of C§°(R™) with respect

to the norm .
ull?, = / > 0 |0n,ul?de = / Vul2dz.
R™ =1 I

Let R(¢,0) be the solution operator defined by

crmn) x e > ) ) () ) € G < crmn)

which extends uniquely to bounded operator in H x L?. We first give a simple
upper bound on the possible growth of [|R(t,0) |l trom(#x £2);



Proposition 1 We have
1t |Ora(r, z,§)|
R(t,0)|gom <C (— { %]d)
[R(t,0)lHom(rxL2) < Cexp 2/0 o el L
with some C' > 0.

We now investigate lower bounds on || R (%, 0)||Hom(#x £2)- We assume that there

is a bicharacteristic (z(t),&(t)) of \/a(t,x,&) or —\/a(t,x,€&) with £(¢) # 0;

dr 0 d 0
(3) E - iﬁ_f a(taxa§)7 % - :Fa_x a(t,ﬂ?,f)
such that
(4) lz(®) < C*, €)= ¢

with some C* > 0, ¢* > 0 for ¢t > 0. Then we have

Theorem 1 Assume that there is a bicharacteristic verifying (4). Then there
18 a positive constant C' such that

IR Oltomezsy = Cowp (5 [ 22 rar).erar)
> oA VEDIEO)

Remark: We can easily check that if |2(¢)| remains in a bounded set for ¢ > 0
then we have

¢ 615(1 _ a(t,x(t),ﬁ(t))
/0 (). () = log S

a
and hence .
/ (Orafa)(T,x(7),&(T))dT — 00, t— 00
0
is equivalent to lim; o [£(¢)] = co. In particular, if £(¢) is periodic in ¢ then
Theorem 1 gives no information about energy growth.

We construct examples inspired by Colombini and Rauch [1] to which one can
apply Theorem 1 to get lower bounds on ||R(%,0)||om(#x£2)- Our construction
works in all dimensions n > 2 though we present only the case n = 2 for
simplicity. Consider the wave equation

2
(5) OPu — Z On, (a(t,2)0y,u) =0

that is, ajo = ag; = 0 and ay; = ass = a(t,x) which is smooth with bounded
derivatives of all orders and

(6) C™!'<a(t,r) <C, (t,x) e R*™2, a(t,z) =1 when |z|>2

with some C > 0.



Theorem 2 For any smooth non-negative bounded function 6(t) on [0,00) and
for any e > 0 there exists a(t, x) satisfying (6) such that for the associate solution
operator R to (5) we have

¢
C1exp (/ (5(7’)dr) < IR, 0) | Hom (Hx £2)
0

< Cyexp ((2 +e€) /Ot 5(7)d7>

with some C; > 0 independent of €.

If we impose some conditions on §(¢) the upper bound of energy growth in
Theorem 2 can be improved. Denote by H' the usual Sobolev space H!(R™)
then

Theorem 3 Let §(t) be a smooth non-negative bounded function on [0, 00) such
that §'(t) < 0, §"(t) > 0. Then there exists a(t,x) verifying (6) such that for
the associate solution operator R(t,0) to (5) we have

t
Crexp ([ 6(5)ds) < IR0 som 1 <2022
0

< Cyexp (/Ot 5(s)ds)

with some constants C; > 0.

Actually our a(t,z) = a(t,r,0) (x = re?) is given by

a(t,r,0) = exp (X(r)(r —1-26(t)f(0—t— 7r/2))

where x(r) € C§°(R), 0 < x(r) < 1 which is zero near r = 0 and identically
equal to 1 on a small neighborhood of r = 1. Here f(t) € C*°(R) is 27 periodic
verifying
f0)y=0, f(0)=1
Let us take §(t) = (1 — k)(1 +¢)7%, 0 < k < 1. Then Theorem 3 shows that
there is an a(t, x) satisfying (6) such that the solution operator R(t,0) verifies

1—k

1—r
Cle(l+t) S HR(tv0)||H01n(H1><L2;H><L2) S CV2e(1+t)

If we choose 6(t) = m(1+¢)~', m > 0 then from Theorem 3 one can find an
a(t,x) with (6) such that the associate R(t,0) satisfies

Ci(1+ )™ < IR 0)l[Hom(mr x£21x12) < C2(1+¢)™.

References

[1] F.CoLoMBINI AND J.RAUCH, Smooth localized parametric resonance for
wave equations, J. reine angew. Math. 616 (2008), 1-14.



