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Generalized energy conservation law for the wave equations with

variable propagation speed

(1) ((9t2 —a(t)’A) u(t,x) =0, (t,x) € [0,0)xR",
(u(0, x), u,(0, x)) = (uo(x), u1(x)), xe€R".

(2) 0<ag<alt) <a,

E(t) = = (a@y IVu(t, )P + 102t )P ) (-1 =11+ llz2)

1
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a(t) = a. > 0 (constant)

E'(t) =0 < E(t) = E(0) : energy conservation

a(t) € C([0, o))

< 2|a (f)|E(t)
E'®) =d @) a@®||Vuit, )P~

_ 2la’ ()]
\ —_ Cl(t) E(t)

< exp ( fot 2'“((?' dT) E(0)

> exp (— fot 2'“((§)| dT) E(0)

— E(1)+

\

a'(t) € L'((0, o))

CoE0) < E() < CiEQ):

Generalized Energy Conservation Law = GECL




[ Question. Doesn’t GECL hold in general if a'(#) ¢ L'((0, 00)) ? }

(>0 for () >0 = (E®t) /)

B 1 <0 for d'(t) <0 = (E@) \)

[ Can we make a consideration the sign of a’(t)?]

) o)




1)

(07 + a@)*1EP) v(t, &) = 0
(v(0,8),v(0,8)) = (vo(&), vi())

W1, &) = A1(1,8) ef(’[(pH(T’g) +A1_(1,€) efOt b1-(7.6)
$1+(1,&) = i a(r)|¢]

|A1.(t, &) < C uniformly in [0, c0) X R" for| 8> 1

/

Remark

Iy ¢1:(1.&) drt = ziatlé]

alélvg F ivy
2al¢]

a(t): const. —> <

_ Ali(ta é:) —




V1, €) = Agy(1,€) eh 0 1 A, (1,8) eh 9O

boa(t, ) = Hia(D)e] + ;‘a((?) = 1.(0.8) + 5 (loga(n)
Are(1,€) = Age(t, &' (1), a (1)) (14 1)°f¢) = K|

dP@O < Cl+ ™ k=12 | t]

Zpe = {(t,8) 0 (1 +0)%E > 1}

|Ayi(t, &) < C uniformaly in Zy , for

8> ._a+1
=T Ty
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LZyo :=1(1,8) 1 (1 +1)7¢] < K}

[Ma(r) = awl dr < C(1 + 0% (@ € [0, 1))
Stabilization property

1
Eo(t.€) = 5 (LK@ OF + (. HF )
1
= &)(1.£) = 5 (az — at?) EPR{'T)

2 N2
< s za“(” E180(1.€) < Claw — a@)lIE1E0(1, €)

— &o(t, &) < &o(0,8) exp (C €1 f e — a(7)| dT)
0
< CS()(O, g) in Zcx,‘{’



aP@) < C(1+ 7% (k=1,2)
I la(®) = awldr < C(1 + 1% (a €0, 1))

a 1
ﬁ2ﬁ2.25+§(< 1)

>—> GECL)

J

-

Example: a(f) = 2 + cos (log(1 + 1))

\_

Remark [Reissig-Smith *05]: @ = 1 (no stabilization)




a(t) € C3(]0, o))

V(t, f) — A3+(t, é—‘) efo[ $3+(1.6) 4+ Ag_(t, 5) efot $3-(7,6)

; @) ( (@) )
_ '3oE 16a"[€P
¢3i(t7 é:) — ¢Zi(t9 é:) + (af)z + (a/)2§
- g 2w — 1)
v J N\ ~ _J
pure imaginary real
a® < A+ (k=1,2,3)
A
|, la(?) — asl dt < C(l +0 (@0, 1) L ey

2a

B zps: :?+—(<,82<1)
)




a(t) € C(]0, o))

V(t, g) = Am+(t, 6—‘) efo[ G+ (T.E) 4+ Am_(t, 5) efot Gm—(T,6)

) B P, €)
Pns(:8) = G0 F On( 8 + 50 )
pure imaginary ~ e 7

real

adPol <A+ k=1,---,m)
I la(®) = awldr < C(1 + 1% (a €0, 1))

a— 1
(<Bm-1 < 1)
m y

> —> GECL)

BZBmi=a-—




Theorem ([H.])
a(t) € C"([0,0)), 0 < ap < a(t) < ay,

f a(t) — ag| dr < O(). (lim 0 o),
0

t—oo [

1

IN:
i (@(t))m} B0 ke L)

(k)
0] < G gp| T3

—> E(t) < exp (CO()'*) E(0).




Well-posedness for weakly and strictly hyperbolic
equations with non-Lipschitz coefficients

3) (07 —a(®)*A) u(t,x) =0, (1,x) € (0,T) X R",
(u(T, x), u(T, x)) = (up(x), u1(x)), xe€R"

Gevrey class (s > 1)
f) €y? = |02f )| < Coelt’ = |f(©)] < exp(-C&)")

C% (realanalytic) — y = C% (or H®, L?)

(s = 1) (5 — o)



4 )

[0, 00) X R%; energy estimate for large r with small |£|

1\ k
0] < C(gh (32)7) [ law — aolr < 00

Y

\

t N - ~
t
Za,H
O@Y|é = K Lo H
Za,‘I’ ‘g‘ 7
=) <~ | % 5
4 )

(0, T] X Rg’: regularity estimate for small r with large ||

1\K
a0)] < G (587 (22)") . f laes - a0l dr < O
g J




Theorem. ([Cicognani — H.])
a(t) e C"™((0,T]), O<ag <a(t) <ay,

) la(r) = awl dr < O(1),

1Nk

1 (H)(t))%
@(t)ﬂ( t

— ¥ well-posed for s < B/(B — 1).

a¥(1)| < Cy

, (k=1,---,m)

" Remark (Equivalence of the estimates)

\

|

E() < exp (COW'?) EQ) | <> | 80,6 < exp (C©)7 ) &(T, &

CewPEl=K |

J




Theorem. (JColombini — Del Santo — Kinoshita ‘02])
a(t) € C'((0, T1),

a )| < CrP B<l) = L? well-posed,

adi) <Cr! = C% well-posed,

a@)|<Cctr? B>1)

— ¥ well-posed for s < 31

4 N

Remark

1 \k
O@) = Ct = |a®@)| < C}{(@(lf)ﬂ (@Y))E) = |a®(0)] < Cu 8

- J




Weakly hyperbolic equations

a(t) = A(Hw(t), 10)=0, A()>0@>0), 0<wy<w(®) <w,
w(t) € C"((0,T], A1) € C™((0,T)),

|/1(k>(t)|_Ck/l(t)( A()) (k=1,---,m), A(f)= f A(s) ds.
(1) 0

Theorem (Classical result)
A1)
0%

W' (@ < C

D = () isy® wp. for s <B/(B - 1).




¥ well-posedness on C™ property

Strictly hyperbolic

{ t _ dr <0 a(k)()ka( L (29 1)}5
[fola(T) aol dt < (f)} [l 0) ®(t)ﬂ( t) i

[ﬁ(t)w(t)J[ fo AT w(T) — wol dt < @(t)} [|w<k>(t)| < Ck((;((zt))ﬁ (ig)_ }

Weakly hyperbolic




Theorem (y® w.p. for weakly hyp. eq with C™ coefficient)
fot AD)|w(T) — wo| dT < B1),

SUP;e(0,7) {ADO@)"P D1 < oo,

1\Kk
A1) (O@)\"
©pl < C l. k=1.---
w®(0)| < k(@)(t)ﬁ(A(t)) B> 1, SRR )
: s J&
—> (1) is ¥"¥ well-posed for s < 31"

4 I
Example. () =, ©() =" (5> 0), m2 g

1 _ 58—
A (®(Z))m ~ (PBOHPD+T _ p=Bp+1)=0(B-3) — A m= 1)
O \ A®) P=B(p+1) (6 = 0)




