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1. Introduction



1.1. Problem

Cauchy problem for dissipative wave equation
(07 — A+ 2b(t)0) u=0, (t,z)€[0,00) x R",
(u(0,2), ue(0, ) = (uo(z), w(x)), = €R"

B(t;u) = 5 ([9u(t, )] + 10(t, )|

E'(t;u) = =2b(t)[|0u(t, )" < 0 (b(t) > 0)

Question. Does E(t;u) decay or not?
If E(t;u) decays, what about the decay order?

Example. b(t) € L'(R) = E'(t;u) > —4b(t)E(t; u)

= E(t;u) > E(0;u)exp (—4 [, b(s)ds) No decay!



Known results (Matsumura, Mochizuki - Nakazawa, Uesaka, etc.)
Let by > 0 and Ey(t;u) = E(t;u) + ||u(t, -)[|%

bo(1+16)"1 <b(t) <by = E(t;u) < (1 4+1) 1E(0;u).

b(t) = bo(1 4+ 1) = E(t;u) < (14 ¢)~mini2250} (0 ).

b(t) =bo(L+ )71 0< by < %, Eo(0;u) < o0,

— JAC >0, CH1+t)™ < E(t;u) < C(1+t)2b,
(Wirth (2006))

Problem. Consider the perturbed dissipation:

b(t) = bo(1+1t)" 4+ o(t)

Which order of perturbation is allowed for the same energy
estimate without the perturbation?



1.2. Generalized energy conservation
Cauchy problem for the wave equation

{ (02— a?A)u=0, (t,z)€[0,00) x R",
(u(0, ), u(0,2)) = (ug(x),ur(x)), =€ R"
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B(ta,u) = 5 (@ |Vult,)|* + |9u(t, )*)

E'(t;a,u) =0 = E(t;a,u) = E(0;a,u)
Energy Conservation (EC)

Let us generalize the propagation speed and total energy as follows:

a=a(t), a(t) € C'([0,00)), 0<ag<a(t) <a
E(t;a,u) = E(t;a(t),u)



C~'E(0;a(0),u) < E(t;a(t),v) < CE(0;a(0), u)
Generalized Energy Conservation (GEC)

Proposition. d/(t) € L'(R.) = (GEC).

proof.

B'(0:a(t),0) = o (Da(0)|Valt, ) = 225 - SaltP V(e )|
2la'(t)] 1 2 2
< 2o Sae?vue. )
20t
< 20 B a0

— FE(t;a(t),u) < E(0;a(0),u)exp (f Qla(())l ds)

E(t;a(t),u) > E(0;a(0),u exp( fo 2'2(( 2 ds)



Remark. (i) The following estimates have used:
—ld®)] < a'(t) <|d'(®)] and  5a(t)’[[Vult, )|I* < E(t;a(t), u)

If we identify

a'(t)] witha'(t) and  La(t)?||Vu(t,)|? with LE(#a(t), u).

then we have

E(t;a(t),u) = E(0;a(0), u) exp ( /O t Z’((;) ds)

_@ , a u
= S5 E:a(0). )

(i) d'(t) € L'(Ry) = |a(t) — a(s)| — 0 (t, 5 — 00)

Proposition. «'(t) € L'(R,)
— |E(t;a(t),u) — E(s;a(s),u)] — 0 (t,s = o)




[E(t;a(t),u) — E(s;a(s),u)| = 0 (t,5 = c0)
Asymptotically Free Energy (AFE)

(EC) = (AFE) — (GEC)

Theorem A. (Reissig — Smith (2005)) a(t) € C*(]0, 0)),
' (t)| St " ()] St72 = (GEC)

Theorem B. (H. (2007)) a(t) € C™(]0,00)) (m > 2),
fy la(s) = as| ds St [a® (@) S 70 (k=1 m),
ay, =a— 2t = (GECQ)

E(t;a(t),u) ~ %E(O; a(0), u)




Liouville transformation:

— [t (N\A alt(r
T = Jo @\S5)as, a{t\1

(07 — A +2b()0,) w(r,z) = 0, b(T) =

E(ta(t),u) =5 a(r)? ([IVw(r, )" + |9-w(r, )" )

= a(7)*E(r;1,w) ~ E(T;w)

DO | —

a(t) €C™ & b(7) € C™L, a(t) < ar < sup, | [y b(s)ds
fot]a( ) — Goo| ds = fo\f b(s)ds| dr

at? ()] = [pD ()]



{(@3A+zb(t)at) =0, (t,7) €[0,00) x R,
(u(0, ), u(0,2)) = (up(z), ur(x)), =€ R".

Corollary. b(t) € C™(]0,00)) (m > 1),
Jy bls)ds| < o0, fi | [ b(s)ds|dr <17 (5 < 1)

sup;

‘b(k)(t)‘ r§ t_(k_H)Bm (k — 07 T 7m)7 6m — 5 T ’l}”b;—fl

— (GEC); E(t;u) ~ exp( 2f0 ) (0; u)

Remark.

(1) b(t) should be changing its sign;

(i1) (AFE) is not necessary to be satisfied;

(iii) b(t) can be a non-L1. 10



1.3. Energy decay for dissipative wave equations
0<ap<alt)<a = |[57b(s)ds| < o,
E(t:u) Nexp( 2 [ b( ) (0: 1) ~ E(0; w)
Energy decay problems cannot be handled!

If the following estimates are valid:
E'(t;u) = =2b(t)|[0ult, )||* < —0b(t) E(t;u) (0 <75 < 2)

then we have

E(t) <exp( 5f0 ) (0)

t
/ b(s)ds — oo (t = c0) = Energy decay
0
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Positive monotone dissipation
b(t) = bo(1+ )", by > 0

Theorem C. (Wirth (2006)) bg < 1/2, (ug,u,) € H' x L?

/

E(t;u) < (1+1t)72%Ey(0;u)

— <
ClL<(1+t)*™Et;u)<C
\

Eo(t;u) = E(t;u) + |lu(t,-)||*, C = C(Ey(0;u))

Remark. (i) b(t) can be generalized to C! functions with some
conditions for the monotonicity.

(ii)) the decay order is given by exp(—2b, [, b(s)ds).
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2. Main Results
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2.1. Motivation

1) If decay order of the energy is given essentially by the Riemann

Integral of dissipation, then the effect of Riemann integrable
perturbation of the dissipation should be neglected.

f(f o(s)ds

— E(t;u) < (14+t) 2 Ey(0;u)

< 0

b(t) = bo(1+t)~t + o(t), sup,

2) If one prove (GEC) for
(07 — a(t)*A) u(t,r) = 0 with lim a(t) = oo,

{—00

then the energy estimate can be reduced into a decay estimate
of dissipative wave equation after Liouville transformation.
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2.2. Main Theorem
b(t) = bo(L +1)~" +o(t), sup

t

o(t) € C™(]0,00)) (m > 1),

/Ot [ oot~

’O(k)(t)’ f§ t_(k—H)Bm (k — 07 Coe 7m)7 6m — 5 T

< OO

/O ta(s)ds

dr <t° (B < 1)

Main Theorem (H. - Wirth) by < 1/2, (ug,u,) € H' x L?
4
E(t;u) < (1+1t)72% Ey(0;u)

— <
Cl<(1+t)*™E(t;u) <C
\
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Remark.

sup

| /Ota(s)ds
/Ot [ oot~

lc® ()| Lt EFPm (kb =0,--- ;m)  (C™ property)

< 00 (Generalized zero mean condition)

dr <t’ (8<1)  (Stabilization property)

It 3 = 1, then the stabilization property is trivial, and 3, is
independent of m.

B, is monotone decreasing with respect to m, and

lim 3, = lim ﬁ+ﬂ:5

m—00 Mm—00 m+ 1
16






Corollary. o(t) € C*=([0,0)),

/Ot /OTJ(S)ds—woo

0> B, [0 ()] < Gt 6 (k=0,1,-),

dr <t’ (B <1)

bo < 1/2, (ug,u1) € H' x L?

—
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Stabilization property

(07 —a(t)*A)u=0: ay<alt)<a = fot la(s) — agelds

(Stabilization property for bounded propagation speed)

(07 — (AB)a(t))*A)u =0, tlgglo A(t) =00 :

= [I\(s)|a(s) — awolds,

(Stabilization property for unbounded propagation speed)

By Liouville transformation:

T(t) = [y Ms)a(s)ds, M7(t)) = A(t), a(r(t)) = a(t)
we have
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(02 — (A(H)a(t)?PA)u=0 < (02— A+2b(7)d;) w=0

(A(r)a(r))
)

) = b+ o) = et

A7) = (1+ 7)™ — ofr) = 2

2a(7)
[ Aats) ~ aslds = [

a(0) exp (2 /0 Sa(,u)du) ~ aool ds
§ /O s

/O o(p)dp — we

dT




3. Sketch of the proof



3.1. Zones In the phase space
Reduce our problem as follows by Fourier transformation:

{ (02 + |€> + 2b(t)0;) v =0, (t,&) €[0,00) x R,
(v(0,8),v:(0,8)) = (vo(§), v1(§)), € €R™

Consider the microenergy of the solution:

£(t,6) =5 (Ieh(t. O + O(t, ) )

¢ (tv g)

£(t, €)

S

(1+1)7 (£(0,8) + [0(0,)%)

> €]
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ag < a(t) < a; (Bounded propagation speed, (GEC))

[

<= sup;,

X b(s)ds| < oo (non-decay)

/O " b(s)ds — e

dr <19

tﬁ‘g =N N: large constant

Z hyp

43
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apA(t) < A(t)a(t) < a1 A(t) (Increasing propagation speed)

= Job(s)ds = [y bo(1+5)""ds + [y o(s)ds

[ s

t A

=log(1+1)" + [y o(s)ds
dr <19

/

b L(1+1)[¢] =

(14 )P1¢| =
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We construct suitable approximate WKB
solutions in respective zones.

(02 + €)% + 2b(1)0;) v =0

{

O Vi(t, &) = A1(t, €)Vi(t, &) (first order system)

(vl by +ilel b
“(WMU)‘“ ( (1) w>ua)

Vi(t, €))7 ~ E(t,&v)

[t b(s)ds 0
. c-0 L b L o(s)ds
M= < 0 elobls)ds > Vi = (1+t)0elor@®y,

Wit )" = (1 +8)*[Vi(t, ) 25

€]



Wit O = Wi (0, <= (1+1)™Vi(t,§)]" = [Vi(0,8)[

decay estimate
oW, = (AN + B) W,

A = /€] 0 B = 0 =b() |
0 —il¢] “b(t) 0

Wit 1 S Walta, )l exp / )las )

My = il§],  Bie = —b(¢)

26



Diagonalization in the hyperbolic zone Z,

1 P14
M1 = Bt >\1+1)\1_ , W2 = M1_1W1 n ZH
Al+—A1—

&Wl — (A1 —+ Bl) W1 p— &WQ — (AQ -+ BQ) W2

o 302\ V(t)b(t) _ b)Y
Azi—ﬂ(’g’*M)‘ N AT

R{ oy — Ao} =0, Pog = By, |f§R{)\2:|:} dt‘ is bounded in Zgy

Generally, we have
OWy = (A + Bp) Wy, We=M_" - MWy, |Wi| ~ [Wy|in Zy
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Moreover, if we introduce the symbol class:

WA

Stm, mot = {| a . (+ |
lll(/l,ll(/ZJ ll g 7 |

Chal€]
In the hyperbolic zone, then we have
B, € S{—k,k+ 1}.
Here we note that
S{mi — k,mo + k} C S{my,ma} (k>0)

bk € S{0,k+ 1}

clm1—|o| (1 e t\_(k+m2)5m }
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