Energy estimates for wave equations
with time dependent coefficients
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We consider the following Cauchy problem for a wave equation with time dependent propa-
gation speed a = a(t):

{wf—aam)u:m (t.2) € (0.00) x B )

(’LL(O,:L‘), (8{&)(0,1‘)) = (“0(x)7u1($))7 z € R,

where we suppose that a € C1([0,00)), and ag < a(t) < a; for positive constants ag and aj.
Then the total energy of (1) at ¢ is given by

B(t) = 5 (at)*[Vult, )72 + [Opult, )][72) - (2)
If a(t) is a constant, then the energy conservation E(t) = E(0) holds. However, such a property

does not hold in general for variable variable propagation speeds; thus we consider the following

energy estimates:
n(t) ' E(0) < B(t) <n(t)E(t) (t — oo), (3)

where the error 7n(t) is monotone increasing and satisfies n(¢t) > 1. In particular, we call the
estimate (3) with n(t) = C generalized energy conservation (=GEC), where C' is a positive
constant.

If |a’(t)| < C, then by the inequalities

_2[d(®)

2|a’(t)]
a(t)

we have (3) with n(t) = e“*. Moreover, if |a'(t)] < C(1 +t)7# for a 3 > 0, then we have (3)
with n(t) = S for B < 1, n(t) = t¢ for B =1, and n(t) = C for 8 > 1; thus faster decaying
|a’(t)| contribute to the stabilization of the energy.

If a € C?([0,00)), then the order of 7(¢) can be improved as follows:

E(t) < E'(t) = d'(t)a(t) [ Vu(t, )7 < E(t)

Theorem 1 ([5]). If a € C?([0,00)) satisfies
@™ (@) < Cr(1+1)7F (4)

for k =1,2, then GEC is valid.
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Moreover, if a € C™(]0,00)) (m > 2), then the order of 7(¢) can be improved corresponding
to m under the following assumption, which is called the stabilization property:

/O la(s) — aw| ds = O(t*) (0 < a < 1), (5)

where oo = limy_yoo f(f a(s)ds/t.

Theorem 2 ([2]). Ifa € C™(]0,00)) (m > 2) satisfies (5) for a a € [0,1) and

a®(t)] < Cp (1417 (6)
for k=1,---  m, then we have (3) with n(t) = exp(Ct"™), where
1—
Um:max{o,oz—ﬂ—F a}' (7)
m

Let us consider the limit case of Theorem 2 as m — oo to introduce the Gevrey class ¥
(v>1):
v = { () € C=([0,00)): IFP @) < CpFR, Fp> 0}

For a € v and a non-negative constant § we introduce the following conditions:
(k) 5\ "
la® ()] < Ok ((1 1) (log(e + 1)) ) (k=1,2,---). (8)

Then we have the following result, which gives precise estimates of (3) for m = oo and a =

Theorem 3 ([3]). If a € v satisfies (5) and (8) for a a € [0,1), then we have (3) with
n(t) = exp(C(logt)?), where
o =max{0,v — d}. (9)

Summarizing Theorem 2 and Theorem 3, we have the following table for the relations between
the smoothness of a(t) and the order of 7(¢) under the assumptions (5) and (8) with § = 0:

Y

a(t) Ct C™ (m > 2) Cc= v (v >1)

n(t) || exp(Ct1=%) | exp(Ctm ) | exp(Ct) | exp(C(logt)")

where € is an arbitrarily positive constant.
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