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1. Introduction
Consider the following Cauchy problem and the total energy:

{ (82 — a(t)?A) u(t,z) =0, (t,x) € [0,00) X R,
(u(0, ), ue (0, 2)) = (uo(x),us(x)), x € R, (1)

0 <ap <a(t) <ay,a(t) € C(0,00)).

1
B(t) = ((a®?[Vult,)I* + |9u, )1 ) @)
If a(t) is a constant, then the energy conservation (EC) is valid:
E(t) = E(0), (EC)

however, (EC) is not valid if a(t) is not a constant.

Generally, we only expect the following estimates:

n(t) 1 E(0) < E(t) < n(t)E(0) (n(t) >1). (3)

n(t) = C < GEC(=Generalized Energy Conservation).



Monotone increasing or decreasing coefficients

E'(t) = a’(t)a(®)||Vu(®)|*

([ E'(t) <0 > E(t) < E(0)

a'(t) <0 = < E'(t) > ZZ,(t)E(t)

a(t)*
a(0)?2

a(t)
a(0)

E(0)

= E(t) > exp (2 log ) E(0) =

\

a/(t) <0 = E(0) < E(t) < 2E(0)
a'(t) >0 = 2E(0) < E(t) < E(0)

Theorem 0.1. If a(t) is a monotone increasing or decreasing
functions, then GEC 1s valid.




Oscillating coefficients

201 ) < g < 2

t ﬂ t
exp (— = [ Ja'9)lds) BO) < B@) < exp (- [ 1a'(o)lds) B0)

E(t)

Theorem 0.2. If a(t) € C*([0,00)) satisfies

la’(t)| < C(1+t)~" (B>0),

then (3) is valid for
exp (Ct=PH1) (8 < 1),
n(t) = {t© (B=1),

C (B >1).

\




Periodic coefficients

s N
Theorem 0.3. If a(t) is positive, periodic and non-constant, then for any

e > 0 the following uniform estimates are not valid in general:

E(t:1) < E(t) exp (C (t}‘s _ t(l)_e)) 0 < Vit < Vt; < oo.

Example. a(t) =24 cost

limsup{|a’(t)|} =1 = e C'E(0) < E(t) < e“*E(0)

t— 00



Observations

o Can we derive some cancellation of the energy due to the oscillating coeffi-

cient?
a'(t) < 0= FE'(t) <0, a’(t) >0= E'(t) > 0.

o The order of error n(t) is described by the number of oscillation:

/Ot la’(s)|ds.

o L' property of a’(t) concludes GEC; n(t) = 1.



a'(t) g L

-

.

Theorem 1([5]). If a(t) € C?([0,00)) satisfies:

la’ ()| < C:(1+t)71, |a”(t)| < Cz(1 +t) 72,
then GEC is valid.

Remark. a(t) = 2 + cos(w(t)), w(0) = 0, w'(t) > 0.

o' € L' & [T w(s)ds = tlim w(t) < oo
—00
< finite oscillation.

la® (t)| < Cr(1 +t)7F (k =1,2);

w(t) = log(l+1t) =
a & L.

o GEC can be valid for infinitely oscillating coefficient.

° Cancellation of the energy is realized.




Stabilization property and C™ property

t

1
a € C™ (m>2), lim— | a(s)ds = Jaeo.

t—oo t Jo

We introduce the stabilization property with o € [0, 1) and the C™ prop-

erty with 8 € [0,1) by

4 . )
/0 |a(s) — acolds = O(t*) (t — oo) (5)
(Stabilization property)
- /
4 )
a® @) < Ce(1+8)7% (=1, ,m) (6)
(C™ property)
- /




Ve

Theorem 2([2]). If (5) and (6) are valid, then (3) holds for

n(t) = exp (C(1+1)°™),

1l — o
am:max{O,a—ﬁ—l— }

m

Remark.

o 0, is monotone decreasing with respect to m and £, and monotone in-

creasing with respect to a.
o GEC holds if 8 > o + =2,
o The estimates (E) cannot be improved for 8 < a.

o o« = (3 is the critical case for GEC.



Orders of oscillating speed |a’(t)| and error n(t)

a 2
()] < C(1+41)7F

n(t)~1E(0) < E(t) < n(t)E(0)

/0 a(s) — acelds < C(1 + )%, n(t) = exp(C(1 + £)°™)

‘ Regularity of a ‘
Singular Regular

. . ///

%/ 2 ... ../ /

Om 1—//,8 el _Bl...l a—pB+ =2 ////
| ° ” ///
Unstable Stable

Behavior of E(t)

0<a<p<l)




2. Main results

We have the following questions from Theorem 2 as m — oo:

- < B = dm € Ns.t. GEC holds. Does GEC hold for a = 37

ca= P = n(t) =exp (C’(l —I—t)l_Ta)

What about the order of 1(t) in the limit case m = oco?

We consider such problems to introduce the Gevrey class of a(t).

a(t) € v & [a®(t)| < Cp~*k!” (v > 1, p > 0)

C¥ Cyy CC™



We consider the estimates (3) near the critical case a = B to introduce the

following conditions:

/o la(s) — aso|ds = O(t%) (t — o0) (5)

a® ()] < Ckt* (1 + D (log(e + 1)) 8

(k €N, & >0)

B — «

a® ()| < Cr(1+t)™" (kEN, a<p)

Theorem 3([3]). If (5) and (8) are valid, then (3) holds for

n(t) = exp (C (log(e + t))?), o = max{0, v — d}.




Theorem 3([3]). If (5) and (8) are valid, then (3) holds for

n(t) = exp (C (log(e + t))?), o = max{0, v — §}.

n(t)"*E(0) < E(t) < n(t)E(0) B
/Ot la(s) — aso|lds = O(t*) (t — o0) (5)
a® (£)] < CkY (1 + 1) (log(e +1))°) * (8)

Singular M Regular
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OO/ o o o vV e o o //
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summary

fot la(s) — axc|ds = O(t®)

a® (@) < Ce@+)7* (k=1,---,m)

[ n(t)"LE(0) < E(t) < n(t)E(0) J

m < o0 m = o0 C, = CEk!™

a(t) C! cm™ C v O

2
o 11—« //l
n(t)|exp(Ct'~*)|exp(Ct = )|exp(Ct) exp(C (logt)”)| t€

0<a<l,v>1)



- Refined diagonalization

R

-|€]
(1+20)*|&] =N
Vi = (®, + B :(ﬁ);(a““”f ||||| )
V1 Ov — 1al€|v
<I>1=<2a+ia| | ),Blz< 0, T )
0 1a|g| —;”—a



¢1 O 0 by
— (®, + BV, | ® = — |, By =
o0V1 = (¢, + B1)W, 1 (O ¢1> 1 <b1 0
_ 1 6, —1by
Vo = M;'Vi, My = , 0 =
2 2 1 (51 1) 1 2610
a Ci(1+t)> P C 1
|51|: |2a| S 1( +) S 21 S—
2al&] 4a2 N 4ag N — 2
(a< B, N>1)
¢2 O 0 b
8,Va = (83 + By)Va | &, = ), By =
Vo = (P2 2) Vo 2 ( 0 ¢2> 2 (bz 0

1 a
Q2,7 = 5315 (108 (




oV = (®; + B;)V;

OtVjr1 = (P41 + Bjt1) Vi

p
i1 = 0, <log ( — ))
T 2 Zz:l (1 — |5k|2)

L. 2|0k |2 bk, + {0,085}

bit1,s = al€| + kz::l AT

: bjl6|* — o]
) +1 .
o 1 — |62 (3

'9m_1)



4 , . )
< [Vin(tos 2 [} (S + |bm])
ity | S V0O o5 (21, @ + [0l d)

> [Vin(to, €)I? exp (2 [ (6, — |bm]) ds)
N\ J

|Vm(t9€)|2 = |V1(t07€)|2 (|Mk - Il < 19 k = 1727"' 9m)

br(t, &)| < Crl€| ¥ +8)~P* (k=1,2,--- ,m)

1

Bk — 1
—k+1

Bk — 1

t
[T )P =[] TEH  g) PR
0

(1+ to)—k(ﬁ—a)-l—l—a

The estimates of | V1| is improved by diagonalization procedures due to M.



- Division of infinitely many zones
Zp, =A{(t,§); th—r <t <},
(1+ ti)* (log(e + )’ [¢] = (k + 1)

t+ o Z,
Zs
Z
A 74
- €]

- Algebra of the Gevrey functions

5(0) (25 <o o von

!
k:O n.




