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Introduction

Kirchhoff equation

Consider the global solvability to the Cauchy problem of Kirchhoff
equation:

(K)

{(af — ®(t;u)A) u(t,x) =0, (t,a) € (0,00) X R,
(u(0,2),ut(0,2)) = (uo(x), u1(x)), = €& R,

where
B(tyu) =1 +/ IV ou(t, 2)|? de.
Rn

Known results:
m Local solvability in Sobolev class [Bernstein '40].

m Global solvability in realanalytic (quasianalytic) class [Bernstein '40]
([Nishihara '84]).

m Global solvability with small data [Greenberg-Hu '80].
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Basic observation

The solution to (K) has the following properties:

Energy conservation:

1 , 1 [Iveeon
B(t) == lue(t: )P+ 5 [ (1+ ) dn = E(0).

L2 boundedness:

llue(t, )11 + [[Vu(t, -)[I* < 2E(0).
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Local solvability in H™

Define the higher order hyperbolic energy:

1 1
B (t) =3 llue(t, Mm + 5 (&) [ Vult, ) lzm-

Then we have the following estimates, which imply the existence of a
time local solution with m > 1:

d 1
—Em(t) 25‘1"(15; w) [ Vu(t, ) | 7m

dt
=R (Vus(t,-), Vu(t,-)) [[Vu(t, )| 3m

2

<E(0)2 (2 /Rn |V (¢, w)|2dw) E,(t)

<2E(0)2 E1(t)? En(t) < 2E(0)% Epy ()

REMARK

If |®'(t;u)| < oo (or E1(t) < 00), then E,,(t) < oco.
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Global solvability (Nishihara's method)

By applying Hardy-Littlewood-Polya inequality, we have

([ et or az)” <m ([ aed laue.of ).
R™ R
if M(71/2) is convex and positive. Setting

£(1,) = 5 (@t w)|EP1a(t O + [au(t ©)P)

and

Pt M) = [ MUEDEO) de.

Then we have

Bt M) < F(t MM (pF (55 M))
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Global solvability in quasianalytic class

SR M) < F(i MM (pF (5 M), (0 M) < o0,

e dr
— F(t; , Vt € (0,00).
/C rM=1(r) © = FBM)<oo € (0,00)

n M(r) =exp(r), [& “ogr = o0

= M(r) =exp (r'/*), s > 1, [T rasgme < 0©
— d —
L M(T) = exp (10;7')’ fC’ rlogrlog(logr) =ee

REMARK

Smoothness property of the initial data contributes the existence time of
the solution.
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Prolongation of the existence time

Kirchhoff equation

(87 — @(t;u)A) u(t,z) =0, ®(t;u) =1+ | Vu(t,)|

By the estimate of E4(t):

d 1 3 1 1
aEl(t) <2E(0)2E4(t)2 = E1(t)2 < E(0)% (B(0)—% —1)

we have the following estimate of ®’(¢;u):

2
|@" (¢ u)| < T3’ T=E@0)"
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Linear hyperbolic problem

Linear wave equation with variable propagation speed:
{(af — U(H)A) w(t,z) =0, (t,z) € (0,00) X R™, @)
(w(0,z), w(0,z)) = (wo(x), wi(x)), =« € R™,
where ¥(t) > 1, ¥(¢t) € C™([0,T)) N C°([0,T]), m > 2.
Proposition ([Manfrin05], [H.06])

There exist positive constants C,, and p such that the following
estimate is established for |&| > pA(t):

E(4,€) < exp (cm €] (A'ft'))_ ) £(0,¢),

. h; o
A(t)=  max <H ‘\II(J)(t) ) .
1hy+-+mhm=m h
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Zone in the phase space

E(t,€) < exp (cm €] (A'ﬂ))_ ) £(0,€), €] > oA(t)

t

€] = aA(t)

<1

Global solvability of Kirchhoff equation



Manfrin’s class

Manfrin's class

Form € N, p > 1 and 7 > 0 we define the weight function W, (73 p)
and the norm G,.,(f; p,m) by

Win(rspym) := (;)mexp (nr (;) _m> )

) e /|£I> Wi (I€]; 02 )| £ () ? dE.
ZpP

Then Manfrin's class B(Am) is defined by

B(Am) = U {f(a:) ; H{pit e L, Sl;p{Gm(f§ pism} < OO}’

n>0

where

L:= {{pj};”:l; pi /" 00}-
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Manfrin’s class

Manfrin's class

Win(r; p,n) := (;)mGXP (nr (;) _m> 3

Gm(f;p,m) := /|£|> W (I€]; p,m) | F(€)|? dE.
>p

B = | {f(a:) ; 3{p,} € L, sgp{Gm(f; pism} < OO}-

n>0

L:= {{pj};?‘;l s pj OO}

Theorem ([Manfrin 05], [H.06])

If Vug,uq € B(Am) for m > 2, then (K) has a time global classical
solution satisfying

IVu(t, )l gz + lluet, )l gz < oo
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Manfrin's class

Wn(r; p) = wm(r;p,l)::@ exp(rG)_ )

p

Pj

W (pj; pj) = exp(p))
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Manfrin’s class

Manfrin's class

er™

W (r; pj)

P1 P2 P3 r
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Manfrin's class
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Manfrin’s class

Manfrin's class

r\" r
W,(r;p):= (E) exp (r(
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Manfrin’s class

Manfrin's class

W (r; p): = (%)m exp (r (;C)_m) m>1

r
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Manfrin's class

&1~
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Manfrin’s class

Some remarks on the Manfrin's class

G (F5 9ym) = /IM <|sp|)’"exp (nl&l ("tp') _m> 1F(©)1 de

By = | {f(a:); I{p,;} € L, sup {Gm(f5p55m)} < 00}

n>0

(i) B(Al) C C*¥ (realanalytic class);
(i) v Z B(Am) and B(Am) 7 2N (quasianalytic class);
(i) B c H% and BUY ¢ HE+< for any e > 0;
(iy BS™Y ¢ B(™.
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Manfrin’s class

Consideration as . — oo

The norm G, (f; p,m):

(KU exp | ST £y 2 ae

2O

Gm(f;pm) = /

[€1=>p
for Manfrin's class should be generalized as

’VCﬂ>wp’m”|ﬂ0F@.
[€]1=>p

ZaicI)

Let us consider the choice 9t and 9t from the consequence of the
properties of the linear wave equation with smooth coefficient ¥ (¢):

(07 — ¥(t)A) w(t,z) = 0.
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Linear wave equation with C™ coefficient

If O(t) > 1, ¥(t) € C™([0,T)) N C°([0,T]), then there exists a
positive constant C,,, such that

g(ta S) < exp (Cm |£| (Alftl)>_ ) 5(0, 5)9 |£| > UA(t)‘

t

|&] = oA(t)

<1
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Manfrin’s class

Linear wave equation with smooth coefficient

Suppose that ¥ (t) € C°°([0,T)) satisfies ¥ (¢) > 1 and
“Il(k)(t)‘ < MkA(t)k7 k=0,1,2,---

with a positive strictly increasing function A(t) and a logarithmically

.M, M1
convex sequence { My }; e S (k+1;er.

Proposition ([H.10], [H.-Ishida13])

There exist positive constants o and n such that for the sequence

{tr}72, be defined by a,ifltk) = MMLF Then the following estimates
i M €] Mt |
are established for Mkil < SAD < J\ZZI
n[¢|

g(t,f) < exp g(tk-i-laé) (k:0717"’)'

L( l€] )’“
My O'A(t)
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Linear wave equation with smooth coefficient

F. Hirosawa Global solvability of Kirchhoff equation



Manfrin’s class

Linear wave equation with smooth coefficient

g(t,&) < exp g(tk:+19 5)7 thr1 <t <t

1 ( le| )’“
My, O'A(t)

I§1 _ Misa
oA(ty) My

IS

e ) 2o () s ()
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Main theorem

Associated function of { M}

For a logarithmically convex sequence { My} the associated function
Dt (r; { Mg }) is defined by

rk
M (r; {Mg}) := sup {} , 7> 0.
k>1 | Mg

(i) 9t (r; {k!*}) =~ exp <r§>, s> 1.

(i) o (r; {Hj.’:l exp (]")}) /R exp (log(l + r)1+%>, v > 0.
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Main theorem

Choice of 92t and §3V“t

Generalization of the norm G, (f; p,n);

('5') exp | M 7o) ae

2O

= N <I€|> exp il | (&) d¢
€z \ P o (1)

from the consequence of the properties of the linear wave equation:

Gm(fipsm) = /

[€1=p

E(t, &) < exp E(tkt1,8)s troy1r <t < tg.
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Main theorem

For positive real numbers o, p, 1 and a logarithmically convex sequence
{ My} we define G(f; 0o, p,n, {Mr}) and the class Ba ({My}) by

G(f9 Ty Py 7] {Mk}) =

€l & ) nlé .
mt - M X d ,
l€1>p ( e k) ) exp (zm ('f)';{akk!Mk})) | £ ()" d§

Ba({My}) :=
U {f(w); 3{p;} € £, sup{G(f;o,p,n, {Mi})} < oo},
n>0,0>0 J

where

,,.k
W (r; {My}) := sup {M }

k
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Main theorem

Theorem

If Vug,u1 € Ba({Mzg}), then the Kirchhoff equation (K) has a time
global classical solution satisfying

[ 26l Lok M) (6P1a( OF + st OF) d < o0

for a positive constant og.
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Main theorem

Examples

exp(rl/®)

o
%

k:k!s

er™
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Main theorem

Examples

1g=

[~

N
— exp(—|§]"/*)

Pj  pj(logp;)’ g &l
J
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Thank you for your attention!
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