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1. Introduction

Energy estimate for the wave equations with variable
propagation speed

Consider the following Cauchy problem:

(1) (0% — A u(t,x) = 0, (1,x) € [T, 00) X R,
(M(T, X)a ut(T, X)) = (MO(X), ul(X)), XeR

a(> 0): propagation speed

1
E(r) = 5 (@ IVu(@. )| + u(r. ) ) (total energy, [|-[| = |l - IIz2)

E'(t)=0 < E(t) = E(T) : energy conservation



Variable propagation speed models

(07 — a(®)’*A) u(t, x) = 0
(u(T, x), u(T, x)) = (up(x), u1(x))

0 + A(t,x, D)) u(t,x) =0
(u(T, x), u(T, x)) = (up(x), u1(x))

A(l, X, Dx) = Z ij Cljk(t, X) ka> Dx — _iax

1<jk<n

E(t) = { (A(t, -, D) u(t, ), u(t, ) + (e I}, (G0 = Co))



Time dependent propagation speed: (A(z, x,D,) = —a(t)*A)

Assume a(f) € C'([0,)), 0 < ay < a(t) < a; < o

E'(t) = a'(1) a(0) || Vu(t, )|*
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dT) EW©) (a@®) > 0)

— CLE(0) < E() < 'CLE0) if d'(t) € L'((0, 0)).

(Generalized energy conservation law = GECL)

Theorem. a’(¢) € L'((0, o)) = GECL.

[ Question. Doesn’t GECL hold in general if a’(¢) ¢ L'((0, o)) ? 1




Farther problems
a(t) ¢ C'([0, )

e The Cauchy problem is not locally L? well-posed in general;

e If a(z) 1s Holder continuous, then the Cauchy problem 1s Gevrey

well-posed;

a(t) # 0

e The Cauchy problem is not locally L? well-posed in general
even if a(t) € C'([0, 00));

o If a(r) € C"™*([0, o)), then the Cauchy problem 1s Gevrey well-
posed with a corresponding order;

Cf. [CDS] (strictly hyperbolic), [CJS] (weakly hyperbolic)



Overview of this talk

We introduce a new argument for the analysis of second order
hyperbolic equation with time dependent coefficients, which will be
called the C™ property. Actually, we shall consider the following

equations:

(@2 — a(t)zA) u=>0 (Wave equation with variable propagation speed)
(5‘t2 — A+ b(1) @Z) u=20 (Dissipative wave equation)
(02 —a(PA+ 3" bj(1) 5,)u =0

(@tz +A,(t,Dy)u=0 (p-evolution type equation)

and discuss about the asymptotic stabilization of the solutions:
GECL, well-posedness, decay property, and etc.



Section 2: GECL on C2 and C™ properties with some stabilization
property of the coefficients to the equation:

07 —a(®)’ANu=0 1)

Keywords: C2 property, C™ property, stabilization property, pseudo-differential zone
“Z ., hyperbolic zone “Z,,”, WKB solutions.

Section 3, 4: Gevrey, C= and L? well-posedness for (1) with non-
Lipschitz continuous coefficients (in Section 4) and degenerate

coefficient at one point.
Keywords: stabilization property for degenerate coefficient, intermediate zone.

Section 5: GECL on C2 and Cm property with increasing
propagation speed.

Section 6: Open problems



2. GECL for the wave equations with C™ coefficients

Consider the following Cauchy problem and corresponding energy:

" (07 — a(®)*A) u(t, x) = 0
(u(0, x), u,(0, x)) = (uo(x), u1(x))

E(t) = % (@@ 19ut, NP + llua(2, I )
under the assumptions:
a(t) e C"([0,00)) (m>2), O<ag<alt)<a <o
we have observed

_ >0 for a'(t)>0 = (E®) /)
<0 for (1) <0 = (E()\)

2|a’(f)|E(t) <E0) < 2|a’ (1)l

a(t) a0 E(r) 1istoo rough!

——> the previous estimates: —

[ Can we make a consideration the sign of a’(¢)? J




Problem establishment
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[ Problem. How is the condition for GECL described by (37 ]

Brief conclusion. [3=1 is the critical for m=1. But {3 can be
taken smaller than 1 if m 2 under assuming some additional
assumptions for higher order derivatives and introducing a new
property for the control of amplitude; stabilization property.




C2 property (cf. [RS])

Fourier tf. (07 + a@)*1EP) v(t, &) = 0
(v(0,8),v(0,8)) = (vo(&), vi())

(1)

W.r.t. X

1
&(1.8) = 5 (a@eP P HF + v HF )
GECL is not easily proved for the critical case [3=1. Indeed, we observe that

0 &1, &) = a()d OEP VT, O < M(1 +1)7'E(1,6)

&(t, &) <exp (Mf (1+7)" dT) &(0,8)
0

M
<(1+0)78(0,¢) (“log effect” makes a problem!)



ldea of the C? property and log effect

a(t) = a (constant)

8 = 2alE

alélvg — ivy pidlEll al¢lvo + iv, o ialélr

It will be reasonable supposing that the first approximation of the solution for

variable coefficient is given by

W, é.‘) = A(ta é:)( 2a(t)|§|

a(®)|glvo — vy ik [, a(r) dr +

a0 + V1 el ' o dT)

2a(t)le]

(WKB solution)

vi(t, &) +ia(0)Ev(t, &)

Vi(t,8) = [ v, &) — iaIEV (T, €)

] = A(t,&)V1(0,¢) (system)

o, &) = AL, §) &(0,8) (energy)




07 +a@)’lE)v=0

(reduction to first order system)

ialélv . 0 1 a1l 0
oV =B+RV| V= B = ial¢ R=Z
Vv I O

(diagonalization; under hyperbolicity)

A alé 1 0 R a’ 1 -1
o = 1ld , = —
(9;‘/1 (A1 + Rl)Vl 1 0 —1 1 24 _1 |

Introduction of the usual energy is corresponding to diagonalization
under the hyperbolicity of the equation with C! coefficient.




0;Vi = (91 + B)V;

D

ialé] + & 0 (s O
0 —iael+ <) L0 ¢

wg (0 ) )
al\ -1 0] B 0

[ The order |a’(t)] < C(1 + )~! of the anti-diagonal entries cause log effect. ]

Reduce the equation of V, into the equation of V, by some diagonalization:

0;Vr = (1 + Ry)V>

here R, must satisfy the property:

{ R,: the integral in L! does not bring log effect. ]




0;Vi = (91 + B)V; 0,V = (O1 + Ry)V>

ERtail

[ Vy:= M{'Vi, @) + Ry = M7 (@) + B)M, — M{'[8,, M] }

R, 1 ( p+P-(+ — ¢-) — B1(p+ — p-) P+ — ¢d-) + B1(1 - p%) )

1-pip —p(ps =)+ B0 =p>)  —pip(ds— ) +Bi(ps — p-)

N 1 ( —pLp+ 28 )
1= pip- P -p’.p-

p_. must be chosen providing the following properties:

MY pepol < 3
P+P-(ds—d_)—Bi1(p+—p-), ipi(¢+—¢_)+ﬁ1(1—pi), p:_w p:_LpTL:

lower order such as log effect does not arise;




_i,81 o 1,81 _ ia’ . . C
=00 2aE Taeg T M=

P+ =

C 2
detMlzl—cfZl—( )
(1 + )¢l

PP (P —¢_)=Bi(pr —p-)=-21a q2|§|

+p.(¢s — ) +Bi(1 = pl)=2aq’ |

Ry| < CIET (1 + 07 + |a”])

“ a” () < C(1 +1)7*

Ro| < ClEI (1 + 1)




0;Vi = (91 + B)V; 0,V = (O1 + Ry)V>

1
W, =07V, = alto) ®'V,, R, =07'R,0
a(t)

/4

o . ( exp ([ ¢4(r, ) dr) 0 )
] = t
0 exp ([, ¢-(x.) dr)
o. eilfl ft(t) a(t) dr 0
o 0 ol ft; a(t) dr

0,W> = RoW,

elliptic t.f.

(WL (2,6)] < exp (Cf IRy (7, &) dT)|W2(f0,§)|




§
"




Ryl < ClE (1 + D7

A
f Ro|dr < ClE|™' (1 + 1)t = CK ™!
Ie

S, &) < CE(t:, &) (t>1e)




Estimate in Zw H 07 + a(®)*|E) v =0 H

Wo = OpVo, Vo

_ ( vi(1,€) + iag Elv(r, €) )
vi(1,€) — iaolélv(t, €) )

0,Wo = RoWo |

pidoflé
Oy =
0 0

. _i(a(r)z—a3)|§| L-1) 5 o
0= a1 1_1,0—000

0
e_la()['é:l ’

|Wo<r,§>|sexp(6|§| fo |a<r>—ao|dr)|wo<0,f>|Sec'f'““)wo(o,f)l

O(t,€) < CEW0,8) (1<1y)

tﬂ

L

\=£




((S‘t2 —a(®)?*A) u(t,x) =0
(u(0, x), u(0, x)) = (up(x), u1(x))

Theorem ([RS])
a(t) € C*([0,00)) (m>2), 0<ay<alt)<a; < oo,
ad@®<CA+7" la’@Ol<CA+)°

(GECL)

Remark. (Estimates from below)

{ (W2 (2, )| = exp (—C IR>(7, &) dT)le(to,f)l n Zpy;

fo

[Vo(t, O = exp (=Cl¢l(1 + 1) [Vo(0,6)]  1n Zy;

&(t,€) > CE(0,8) (1= 0)




Summarization of the proof

Introduce the symbol classes in Z,;;:

SP={f(t.€): [0Ff(t.6)| < CUelP (1 + 079, 1> 1,

§;cS gfg (6 > 0) (hierarchy of the symbol class)

In ZH

reduction to first order system

| (@ +aGyIelyv=0| ~=t==b |6V =B+RV| (B+ReS]

diagonalization with "‘ — [ 5 1
hyperbolicity and C* prop. “ 0;Vi = (@1 + B)Vy “ B € S1

/)‘ H 0;Vo = (01 + Ry)V> H [Rz < S;l}

diagonalization
by C2 prop.

/‘ H Wy = RyW, H [Rz e S5, [Wy|* ~ 81

elliptic t.f.




In Zw

@7 +a’1E) v =0 >

/ reduction to first order system

0, Wy = RyW,

-/

clliptictt.| | [Wo(t. &) = E(t.€) |

diagonalization with
hyperbolicity

[ f "1Rol dr < Cl f o) — ay| dr < CIEIL + 1) < CKIJ
0 0

argument will be useful.

Remark. Actually, the diagonalization taking into account the
hyperbolicity is not necessary for the estimate in Zw, but this




CM property and GECL

Motivation. C? property contributed to prove GECL in the critical
case. Does C™ property for m 3 give some contributions for
GECL?

Conjecture. 8, <1 (m>3), B, \, as m 7, s.t.
a0 < (1 + 7" (k=1,---,m) = (GECL)

Such a property does not hold in general (counter examples exist)!

Examples 1 (cf. [RS])

a(t) = 2 + cos ((log(1 + 1))?)
—> (GECL) does not hold for any y > 1.




Theorem (cf. [HR1])
a(t) € CH#([0, ) (> 0), | (@) <CA +1)7!,

{la’(t + h) —a'(t)|
hg

sup
O<hxl

}s C1+1)"° —> (GECL)

Not C? but C1.€ property is essential!

Indeed, the previous conjecture is not true as itself, but it becomes true under the
additional assumption, which will be called the stabilization property.




Refined diagonalization procedure with C™ property [H3]

0;Vi = (91 + B)V;

0;Vr = (O + By)V>

( o ’
¢+ O ) ( 0 B ) — a’ . a
(DI ’ Bl — ’ 181 :ﬁl - T ¢li - ilalf' + —
L 0 ¢1- B 0 2a 2a
(1 £ 1 {lﬁ’_l}
M, 5 d 1= d, di = i(¢1+ — @) (real valued)
1 oo
1 dl
_/ -
3]\41 '81 < 1
¢1+ - ¢1—
0 0 _
(DZ _ ¢2+ )’ 82 _ ( ,82 )
0 ¢ Bor O




1 _ilﬁll2 —,31|§1|2
Ml_lq)lMl =P, — B + d12 'dl

[dl = (14 — ¢1—)}




Ml_latMl —

det M {iﬂ_l}’ B {Z}’ B
\ d dj dj )
N

:detMl {iﬁl }’

- (% 2), i Ié |2 B ’
Prs 1= Pra + + ! ! &
2(1 _ |8 ‘2) det M, ( dq {dl {dl

1 BilBi* (B
P = det M, { 2 {dll} } Bas = Pa-




Summarization of the proof

1 B1lB1I° iB)’
Pz = det M, { d; " {d_1}}

-

dy = i(¢r, — ¢>_) : real valued

ﬁz ES;I

R (P2, — ¢;.} : Riemann integrable

0 B

0

|

0:Vy = (D2 + B)V> cI)Z:( b0 0 ) BZ:(
0 ¢
é <1, dy =i(¢1. — ¢1-) (real valued)
|
( I BFY . i (BF
+ — + - 1 1 - | 0 —_ 8
$rs = @1 5 ( Og( 7 )) + 7 (

|

B
d,

{

B
d;

i}



General case with C™ property
a®O| <A +07F (k=1,---,m), (1+1f|l=K>1

SP = {f(t.€): |oFf(1.6)| < CUlP (L + 0777, £ > 1]
SPcSP (6> 0)

q—=o

0, Vi = (O + Bp)V; 0 Vir1 = (@py1 + Biv1) Vi

_ Ok 0 _ 0 ,B_k _ ¢(k+l)+ 0 _ 0
(Dk_( 0 ) Bk_(ﬁk 0 )] [(Dkﬂ( 0 Plie+1)- ) Bk_( B+




Bee S, d'eS,', dy: real valued
| sl ol )
det M, |\ d; di | d;
1 BB (B
_ 18k+1 — deth { d]% + {d—k} }

/
dk+1 = l(¢(k+1)+ — ¢(k+1)—) : real valued

Br

d

1
¢(k+1)i — ¢ki - 5 (log (k -

< R{éb@r1: — Pre} : Riemann integrable

—k
:8k+1 € Sk+1
-




Snd AN J nd AN 7

k k
=1 =1

D1 :‘ bro | Y Rldione — bl [+ i3 {Gene — )

. a
[i“”fl M Z} [ Riemann integrable} [ pure imaginary 1
1
exp (f G+ 1)=(T, &) dT) <C O.1] + 10, < C,
le
4 t )
. exp ([} ey 0) dr) 0
k+1 =
0 exp (! dueer- (7.8 dr)
- /
(0% + a0y v = 0 OWn = RuyWy | (1> 1)

|Rm < C|§|_(m_1)(1 + t)—mﬁ (<: S’;(m—l))
(Woa(t, 7 = E(t, &)



Rl < ClET™ VA +0)™,  [Wat,OF =~ &1,
(‘t
I
<exp (CIE™ ' (1 + 1)) (1, £)
=exp (CK™ (1 + 1)) &tz €)

&(t,€) < GXP( IR,(7,£) dT)

S(t, &) < CE(te,E) < B >1 (Noimprovement from C? property!)

Observation

Generally, 1t should be expected a better estimate of &(t, &) from the
contribution S ;"' (c §;) for m > 3.

Actually, if f € S™*! for m > 3, then we expect a better property of
S than the case of f € § !, but it is not true on the border (¢, £).



(1 + )8 = K| (A +1)%g =K, 0<k<1

L.
le
e |
q €
|§|—m+1(1 + tg)—mﬁ—l—l — K—m+1(1 + tg)Kﬁ(m_l)_mﬁ-l_l < C
|
=Fz m(l — k) + « = P

H Bmx <lform>1 and k < 1. H

How do we estimate &(t, &) 1n the extended Zy?




(A +1)%g =K, 0<k<1

t~§<f<fé:

We introduce a new property of a(f) for the estimate of 7, < < #;;
we shall call the property stabilization property.

Stabilization property:

f a(T) —ae|dT < C(1+1)* 0O<a<]l)
0




f la(T) —ae|dT < C(1+1)* 0O<a<]l)
0

Remark.
- No stabilization property & a = 1;

- The constant a,, 1s uniquely determined;

- The counter example by [Reissig - Smith]:
a(t) = 2 + cos ((log(1 + 1))”)

does not satisfy the stabilization property;

*The stabilization property does not require the existence lim,_,, a(?).




Estimate in Zw under the stabilization property

07 +a@)’lE)v=0

stabilization property

e 43
f Rol d < Cle] f a(r) -
0 0

0, Wo = RoWo | [ IWol’ ~ &(1,€)

-

aol dr < CIE(1 + )" < CK

(I +1)"¢l = K

Estimate in Zn under the stabilization property

07 +a(@)’1E) v =0

0 W = RuWo | [IW, [ ~ E(1,¢)]

Rl < CLEF™ (1 + 1)

/4
f |Rm| dr < C|é3|—(m—1)(1 + Zf)—mﬂ+1 — CK—m+1(1 4 tg)cx(m—l)+a—m,8+1 < CK
e

/

B=a+

l —«a

m

a = Kkf




Theorem ([H4]).a(¢) € C"([0, 0)),0 < ay < a(?) < ay,
Jla(m) - aoldr < C(1+0* (O<a<),

aP(0] < Cel + 07 k=1, .m),

.
l —«a
B>a+

— (GECL).

l —«a

B<a+
-

—> (GECL) is not valid in general.

Corollary. a(t) € C"([0,)),0 < ag < a(t) < ay,
f(f a(T) — a.| dr < CO®), lim,_,., O)/t = 0,

( Lk
1 (00"
(k)
a (’)‘SC"\(@@)(H;)

(k: ]"... ’m)’

— (GECL).




We had supposed the condition ®(2¢)/0(¢r) < C for in the paper [H], but actually
such a condition is not necessary. The same property also holds for any monotone

decreasing function ®(¢) satisfying lim,_,., O(z)/t = 0.

Examples.

I+ .
0N = Gogez gy ¥

O =010+ O<a<]l);

O(r) = (log(e +1))” (y > 0);

) = 1.



C™ property and upper bound of the energy

Theorem. a(t) € C™([0,0)), 0 < ay < a(t) < ay,

f a() - aol dr < COW), (hm 20 4 o),
0

t—oo [
1 ( o(r) )‘
O \1+1

——> | E() < exp(COM' ) E0).

k

a®@)| < ¢, , (k=1,---,m)

Remark. The order of upper bound of the energy is optimal.

Example. @) =(1+0)*0<a< 1),
a®@)| < i1+ MPT) ) (k= 1, ,m)
——> | E(t) <exp(C(1+ D" P)E©0).




Key of the proof

@(l‘g)’ﬂfl — K, ZH — {f > tg}, Z\y — {f < ff}.

In ZH

07 +a(@)’1E) v =0

ath — Iéme

(Wl = E1,6)

!
R, € S;f’”‘” — f R,| dt < lel‘””l(rb(t)‘mfngl < C@(t)l‘ﬁ;
I

In Zw

07 +a(@)’1E) v =0

0, Wy = RyW,

(WoP = &(1,6)]

f IRy dt < f Ella(t) — as|dr < ClE|O@) < CO®)' ™ (0 <t <ty
0 0




C= property for GECL

Theorem. a(t) € C*(]0, »)), 0 < ay < a(t) < ay,

f la(t) — al dt < CO(®), (lim %0 _, 0), P < O™ (k=1,2,--)
0

t—oo [

{E(r) < exp (COM' ) E©) (V6o > B);
—

E(t) <exp (C O@)' P ) E(0) doesn’t hold in general for any 8 < B.

Examples. (1) = (1+0" (0<a<1)
|a(k)(f)‘ < Ci(1 + t)_ka'g (k=1,2,--+)

= E(t) < exp(C(1 + )" ) E(0)

a®®| < 1+ (g >, k=1,2,---) = (GECL)




3. Strictly hyperbolic equations with non-Lipschitz
coefficient

1) (0% —a(t)*A) u(t,x) = 0, (t,x) €[0,T] x R",
(u(T, x), u(T, x)) = (up(x), u1(x)), x€R".

0<ag<alt)<ay, a(t) e C"((0,T)), a(r) ¢ Lip.(10,T]).

We shall consider the stabilization of the solution to (1) from the
point of view of well-posedness.

Gevrey class (s > 1)
f) €y = |02f )| < C el = |f(©)] < exp(-C&)")

C® (realanalyticy — Y% = C* (or H™)
(s — 1) (s — o0)



Well-posedness

(1) 1s well-posed in H
— (Vup,u;) e Hx H = Fu(t, x) s.t. Eylt, £) < oo,

Examples.
L* well-posed &= &(t,&) < CE(T, €).
H® well-posed &= &(t, &) < CEPE(T, &).

C> well-posed & &(t, &) < CE)Y M &(T, &).

Y well-posed = &(1,€) < exp (Tp(&)+) ET., &).




Background
[CDS] a(t) e C*([0, T) O<a< 1)

((1) is ¥ well-posed for s < 1/(1 — a);

k(1) is not v'*) well-posed for s’ > 1/(1 — @) in general.

Motivation

We are interested in the stability of the solution in L2, C* and y/©)
corresponding to the singularities of non-Lipschitz continuous
coefficient. In particular, we focus the effects from one point
singularity of the coefficient.

Probably, if the coefficient is non-Lipschitz only one point and
sufficiently smooth on the other points, then we should expect the
well-posedness of (1) in a better class than the case that the
coefficient has several singular points.



L2 and C*= well-posedness on C! property

Theorem. ([CDK])
a(r) € C'((0,T]),
(D) <Ct?P (B<1) = (1)is L* well-posed:

(D) < Ct! = (1) is C* well-posed,

@O <Ct? B>1) = (1)isy®? well-posedforﬁ -

Sketch of the proof
B <1

0, &(1, &) = a(nd WIEP IV, O < CrPE(r, &)

T
E(t, &) < exp (C f il dT) ET,&) < CE(T,¢)
0



B=1 | Zones: 1Y =K, Zy :={t: <t <T}, Zy :={0 <1< 1)

InZy:. 0,846 < CrP&, é)

T
E(t, &) <exp (C f P dT) E(T,¢)
Ig

exp(Clogr;!) E(T. &) < COET, &) (B=1

<A
exp(Ci” ) ET.6) < exp(CO'T |ET. &) (B> 1)

|
In Zy: &) = 5 (@l OF + . o) )
3, Eo(t.£) < Clag — a(®)| (€) E(t.€)

le
E(1.€) <exp (C<€> fo lag — a(p) df) E(T,€) < exp(C1(d)) &(T, &)

eRE(T,E) < CEET.E) B=1)
< 9

exp(C@)F &0 B> 1)



Notes

We have no loss of regularity in Zw for [3=1.
We observe similar situations as GECL on C! property.

Question. Can we apply C2 and C™ property to such a problem?




L2 and C*= well-posedness on C? property

Theorem. ([CDR], [H1, H2])
a(r) € C*((0, T,

(D < Ctl, 1d")| <t? = (1)is L* well-posed:;

‘a(k)(t)| <C (t_l log t_l)k — (1) is C™ well-posed.

Remark. The improvement of log-effect from C2 property has no meaning in
the scale of Gevrey class.

We notice some similarity of the conclusions from C? properties:
“generalized energy conservation law” and “well-posedness with non-
Lipschitz coefficient”.

Thus we may also expect the C™ property for the well-posedness with non-
Lipschitz coefficients corresponding to GECL.




C?2 property in Znx

(GECL| (1+1)ll=k.

f IR,| dt < cf €'+ rdr =K.
le le

a® ()| < C(1+ 7% (k=1,2),

1

[Non-Lip. L2 w.p.} &y =K, |a®@)| < Cet™ (k=1,2),

T T
f IR, dTt < C f & 'rrdr=K".
Ie 3




C™M property

GECL | ['la(r) - adldr < ©(). Ol = K.

1 (@(r))ik
O \1+17

[T IRl dr < C [Tl 0@ (4 ) dr < K

a®@)| < ¢

(k: ]"... ’m)’

_ >
?
v

[ Non-Lip. L? W.p.} fOt la(t) — apl dt < O(1), O:)&) = K,
k

1 (@(t))%
00 \ 1

T T
J, RuldT < C [ & 0@ ™ dr < K

a®@)| < ¢,

(k: ]"... ’m)’




Theorem. (L2 w.p. [CH]) a(?) € C™((0,T]), 0 < ag < a(?) < ay,
' la(r) = aol dr < O(1),

1 (@(t))%k
00 \ 1

— (1) is L* well-posed,

a®@)| < ¢, (k=1,---,m),

Example.

a(t) € C"((0,TD), [ la(t) - apldr < Ct® (a > D),

o1 \K
Ia(k)(t)‘ < Cy (t_‘HT]) (k=1,---,m) = (1)is L* well-posed.

Any singularity of algebraic order at t = 0 is possible under suitable
stabilization property and restrictions to higher order derivatives.



Gevrey well-posedness on C™ property

Theorem. (Upper bound of energy)
a(t) € C"([0,00)), 0 < ap < a(t) < aj, [ la(t) - aol dr < O(),

1 \Kk
IO
(k) =1.---
la (’)|§Ck(®(z)ﬂ(1+z) ) (k=1,---,m)

= E(1) < exp(CO®)' ) E(0).

Ol = K = 0 =K |

Theorem. (Gevrey well-posedness)

a(t) € C"([0,00)), 0 < ap < a(t) < aj, [ la(t) - ac|dr < O(),

1\k

1 (@(t))%
O\ t

— ¥ well-posed for s < 8/(B - 1).

a®@)| < ¢, , (k=1,---,m)




L2 and Gevrey well-posedness on C* property

Theorem. a(t) € C*((0,T]), 0 <ay < a(t) < ay,
' la(r) = aol dr < O(1),

a®0| < O™ By <1, k=1,2,---) = L* well-posed,

aP @) < COD™ (B>1, k=12,

p
p-1

= ¥ well-posed with s <

Examples. O(r) =t* (@ >1)

aP@| < Ce " Cag<a, k=1,2,---) = L*> well-posed:

aPO| < Ct™ B>1, k=1,2,---)

= ¥ well-posed with s <

p
p-1




Remark. The conclusion of C* property dose not require any conditions to the
constant Ck. However, if one want to consider the critical case, in particular, the L?
well-posedness in the case that (30=1, it may be required some conditions to the
order of Ck. Namely, we should introduce some classification of C*= functions, for
Instance, Gevrey class, real-analytic class, and so on.

Precisely, concerning GECL, the following problem can be proposed:

po(t; s): positive and monotone increasing function satisfying

. p(t;s) v v . p(;s)
| =0 > (), >1), 1
Meqe — 0 (e e D e

=0 (5" > s).

" [ la(r) - aol dr < O(1),
< ——> (GECL)
a® @ < k5(p(t; 5) @)™ ("k € N)

Does such a class of functions {o(?; §)}>1 exist?
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4. Weakly hyperbolic equations degenerating at one point

1) (0% —a(t)*A) u(t,x) =0, (1,x) €[0,T] xR",
(T, x), u (T, x)) = (uo(x), u1(x)), x€R".

a(0)=0, a(t) >0 >0), a(r) e C"(0,T]), 0<T <« 1.
Background

(CJS] a(r) € C"™([0,T]): C™-Holder class ime NU {0}, O <a < 1)

(
(1) is ¥ well-posed for s < 1 + (m + a)/2;
4

\(1) is not v well-posed for s’ > 1 + (m + @)/2 in general.

a(t) € C4([0, T]), v'¥-well-posed:

e . .
[CDS] (strictly hyperbollC)\ /[CJS] (weakly hyperbolic)\

1 <,I£‘Ss>sw>::>
§< 8§ = —— @

1 — s<s8, =1+ =
N Y, S 2 )




Degeneracy of the coefficient should be set a singular property,
which brings a loss of regularity log the solution.

Motivation. We want to describe the order of regularity loss of the
solution by the following singular properties of the coefficients:

o Order of differentiability at # > O: m;
o Stabilization property: ®;

o Order of the singularities of higher order derivatives: g;

o Oder of the degeneracy: A.




Known results for the models of one point degeneracy

a(t) = A(Hw(t), 10)=0, A()>0@>0), 0<wy<w(®) <w,
w(t) € C"((0,T], A1) € C™((0,T)),

|/1(k>(t)|_Ck/l(t)( A()) (k=1,---,m), A(f)= f A(s) ds.
(1) 0

Theorem (Gevrey well-posedness; C! property)
A1)
AP

W' (@ < C

B>1) = (1)isy® wp. for s <B/(B - 1).

Theorem (C= well-posedness [Y]; C? property)

k
w0 < G (%logl\(t) ) (k=1,2) = (1)isC* wp.




Images of the generalization from strictly hyperbolic
models to weakly hyperbolic models

¥ well-posedness for s < 8/(8 — 1)

[ a’' (1) < Cit 7P }

(1 = A@v))

t = A1)

A
[ W) < C) Ag))ﬁ }

C> well-posedness on C* property

-

o

~

a9 < Ci (" og )

(k=1,2)

J

(1 = A@v))

t = A1)

4 A
A7) _
w®@)| < C (m log A(t) 1)
k=12
\ ( : /




¥ well-posedness on C™ property

Strictly hyperbolic

: ny
| t A1) (O] |
[/W)w(f)J [ j; ADw(7) - wol dr < ®(’)} @‘“(k)(t)l = Ck(@((t))ﬁ (Agt;) }

Weakly hyperbolic




1) (0 — AD2W(@?A) u(t,x) = 0, (1, %) € [0,T] x R,
(M(T’ X), Ml‘(Ta X)) — (MO(X), l/ll()C)), x € R,

A0)=0, A(r)>0(#>0), 0<wy=<w(®) <= w,

w(t) € C"((0,T]), A(r) e C™((0,T)),

@) < CA@) (A(( ))) k=1,---,m),

Examples of A(t).

o A(t) =1, A(t) = " = tA(7);
o Af) = exp(—t%), A®@) =" A®);



Theorem (y® w.p. for weakly hyp. eq on C™ property)

f AD|w(T) = wol dr < O, sup {AOOEW" P} < o,
0 1e(0,T)

P )| < C (k=1,--,m)

A0 (@(t) A
Oy A(f))

. s B
——> (1)is y"® well-posed for s < 71

Example 1. A() =, ©() = £ (6> 0), m 2 g

BB (g = 1)

AD (OONT s iins g5 L |
o (A(r)) ~ (PGP pBlprD=0(B—5) — ) ~1-5(1-1) B=1)

tP—Pp+1) 6 =0)




Theorem (C= w.p. for weakly hyp. eq on C™ property)
f AD)|w(T) — wol dT < O(F), sup {A(z)@)(z)—1 (log @(t)_l)m} < o0,
0

te(0,7)
© 0, o))" .
lw )| < C (®( 5 g0 o) (k=1,--,m)

——> (1) is C* well-posed.

Example 1. (1) =", ©(@) ="' (log t‘l)_r, m>r,

,l(t) (1) B _\rl=L
o ¢ (A()) " (leer”)
Example 2. A(®) = exp(=t), O@®) =t A1), q < am,

/l(t) ®(t)) ~ t—2a—1—q+n%
e() ) A1)

([Tarama (1995)] considered the optimality in the case g=0 )

og O(r) (




Key ideas for the proof for the Gevrey well-posedness

t
o Stabilization property : f AD)|w(T) — 19)| dT = O(1);
0

o Introduction of three zones:
Zy =t 2 1n(&)}, Zy:={1() <t <n)}, Zy:={0<1<1(6)},

A€ = N, O(nY(E&) = N.

In the respective zones, we introduce the following approximation of the
coefficient:

wo n Zy;
a(t,§) =4 wod(t)  in Zy;
\ AMw(t) 1nZy.

Then, the stabilization property performs essentially in Z,,.

Remark. Introduction of the new zone Z,, has no meaning if no stabilization
property is introduced.




5. GECL for strictly hyperbolic equations with increasing

propagation speed

Previous considerations

Ve N
g O7u — (AOw(®))*Au =0 A
Strictly hyp. eq., with

Increasing coeff. (GECL);

‘ Gtzu —a(t)*Au =0 Yo A(t)
Strictly hyp. eq., (GECL); | i i
L (f — o0) ) | A(e0) = o0
Ol = K O = K
(e > 1) (&) > 1
4 N
Gtzu —a(t)*Au =0 1 — A1)
Strictly hyp. eq., (well-posed); :'>
(t — 0)
\ J |A0)=0

(t — o)

L J

O )¢l = K
Alt)lel = K
(l‘f > 1)

O@:)) = K
A(t:)(é) = K

(&> 1

4 )

O7u — (AOw(®))*Au =0
Weakly hyp. eq., (well-posed);
(t — 0)

L J




Observations with examples

Model for C= (L2) well-posedness: &(t, &) < CE(T, &) (t — 0)

A’ IEP WO + vt EF < C(ATVIEPT, EF + vi(T, )P
_

- 0ast -0

Model for GECL: &(1,&) < CE(0,€&) (t — o)

AOHEPV(, P + v, &)F < € (AOPERIVNO, &P + v(0,6))
N

—» 00 aSt » oo

We may expect from the GECL above that the following decay
estimate holds:

€] (e, &) < 0N ™)




GECL with increasing propagation speed on C™ property

Theorem
sup {O(HA() ) < 00 (Fe €(0,1)) ,0(21)/0(t) < C,
1e(0,T) ok
t k) A (@)(t))"_l ...
fo A - woldr < 00, [00] < G| ges|T5] | k=1 m)
——> (GECL)

Remark. The properties of generalized energy conservation law
with unbounded propagation speed is important, in particular, from
the point of view to the application of “energy decay property for the
wave equation with signed oscillating dissipation” and “GECL for
Klein-Gordon type equation with oscillating signed mass”. Probably,
one can consider such problems only applying C™ property with
stabilization property.




6. Proposal some open problems
(All the problems blow are supposed to consider on C™ and stabilization property.)

A. Farther problems for the models of wave equations:
A.l. LP- Cd decay estimate with time dependent propagation speed

*Such problem was considered on C? property by [RS], [RY].

*Probably, we can prove a natural property as a generalization of previous
result. But one should check the effect of stabilization property in the
consideration of stationary phase method.

A.2. Well-posedness for time and space variable depending coefficient

[HR] will be a hint to consider such a problem.

*\v/©) well-posedness and weakly hyperbolic problem should be also
considered.

A.3. GECL for time and space variable depending coefficient

*The global estimate of the lower order terms from commentator will be
difficult.



B. Generalization to p-evolution model:
2
(D? = %70 an(®)DX)u = 0
1 —
|, lax(t) = arol dr < Cro 1, |Diar()| < Cryt P (=1, ,m)

B.1. L2, C> and v well-posedness for non-critical cases

*Dependences among the indexes Ak, [B«, m and the Gevrey order s for the
well-posedness will be described clearly.

L2 and C= well-posedness on C? property has already considered in [CHR] )

B.2. Weakly p-evolution equation
*Both the cases: oscillating and without oscillating coefficients are open.

*The property will be described smartly for non-critical cases.

*\We will meet serious (but interesting) problems in the critical case.

B.3. GECL for p-evolution equations




C. Klein-Gordon equations with oscillating mass:
(62 = A+ m()?)u = 0;

C.1. GECL for Klein-Gordon equations with oscillating mass

*\We could prove only non-critical case, non-oscillating case or undetermined
sign mass if we use by the previous arguments.

o|f the mass decays ast - oo, then the relation between the oscillation and the
decay order will be interesting.

C.2. Lp-Lgq decay estimate

C.3. The analysis near the singular point to the model of blows up mass
*[DKRY] considering such a model, probably by using C? approach.

D. Levi condition with oscillating coefficients:
*[HR2] may be a hit, but some crucial problem will appear.

E. Sophistication of Coo property:



Expected difficulty and impact

difficult ---- normal ---- easy : unclear

A.l. LP- L9 decay estimate with time dependent propagation speed
A.2. Well-posedness for time and space variable depending coefficient
A.3. GECL for time and space variable depending coefficient

B.1. L2, C= and y©) well-posedness for non-critical cases

B.2. Weakly p-evolution equation

B.3. GECL for p-evolution equations

C.1. GECL for Klein-Gordon equations with oscillating mass

C.2. LP-L9 decay estimate

C.3. The analysis near the singular point to the model of blows up mass
D. Levi condition with oscillating coefficients

E. Sophistication of C* property
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