Generalized energy conservation
law for wave equations with
variable coefficients

Fumihiko Hirosawa
Yamaguchi University, Japan



Tokyo

Hiroshima

Yamaguchi




Introduction

Kirchhoff equation (vibration of elastic string):
(K) (83 — (1 + / |0 u(t, m)|2daz> 8;) u(t,z) =0
I
(87 — a(t)?82) u(t,x) =0
1
E.(t) = (a@®)*[lou(t, )5 + [0:u(t, )II)

E.(t) =a'()a(t)||9u(t, )]
=2a(t)R(8du(t, ), du(t,-)),||du(t, )|
<2a(t)||Bpu(t, )|l 1]|0u(t, )| 1]|Ou(t, )|
<CE,(t)

E.(t) < (Es(0) — Ct)~! time local estimate!



Consider the following Cauchy problem:

©) { (82 — a(t)?A) u(t,z) = 0, () € [0,00) X R™,
(w(0, 2), (0, 2)) = (o(2), ur(x)), T € B".

(A0) 0 <apg<a(t) <ag

4 )

[Colombini - De Giorgi - Spagnolo (1979)]
a € C*([0,00)) = (C) is v* well-posed with s < =

\_ J

f(x) € v° (Gevrey class of order s)
. 1
& |f(€)] < Cexp (—plél7) (s> 1, 3C >0, 3p > 0)

Vs > 1o |(a(0, £), iy (0, £))|exp( ) < oo, 3T > 0

p|&
lim |(u(t §), (2, g))|exp( P|§|l>

t—T




a(t) € C7([0,0))

B(t) = - (a(®)? [Vu(t, ) + [9u(t, ) 1)

a(t) = const. = E(t) = E(0) (Energy Conservation)
a(t) # const. = E(t) Z E(0)

a'(t) >0 = E'(t)>0, a'(t) <0 = E'(t) <0

E'(t) = a'(t) a(t) | Vu(t,)]|" 4

— E(t) 4




VT >0, 3C = Cr > 0, Vt € [0,T]
C'E(0) < E(t) < CE(0)
(Generalized Energy Conservation = GEC)

[ a’(t) € L'((0,00)) = (GEC) unif. wrt. t ]

Question: Doesn’t (GEC) hold in general if a’(t) ¢ L' ?

Can we take a cancellation of the oscillating energy due to
the oscillating coefficient?

VAN

p N
>0 for a’(t) >0 = (E(t) N

R
. <0 for a'(t) <0 = (E(t) \))




Remark
a(t) = 2 + cos(2mmw(t)), w'(t) >0, w(0) =0

T T
=—> |, |a’(t)|dt ~ [, |w'(t)|dt = w(T) :
number of oscillations on [0, T']

a’(t) € L'((0,00)) < finite numbers of oscillations

Question: Can (GEC) hold for infinitely oscillating coefficients?

Consider the following condition:
[a'(t)| < C(1+1t)7"




Infinitely oscillating coefficients

(

Example. a(t) =2+ cos((1+¢t)?) (p <0 < a(t) € Ll)\
p<0 & (GEC)

\ J

\

i Example. ([Reissig-Smith (2005)])
a(t) = 2 + cos ((log(e +1t))7) (v <0 & d'(t) € L")

v <1 & (GEC)

\ J

Finite number of oscillations is not necessary for (GEC)!

Main purpose: Find the conditions to a(t) for (GEC).




" Theorem. ([Reissig-Smith (2005)])
') < C(A+¢)~
[a”(t)| < C(1+1t)~*

} —> (GEC)

.

Remark.
(i) |a’(t)] < C(1 + t)~ 1 is sharp for (GEC).
(ii) C? property of a(t) is required.

(iii) Necessity of the condition to @’ (%) is an open problem.



Sketch of the proof.

(C) { (97 + a(t)*|€]?) v(t,£) =0

OVi = (&1 + B))Vi, Vi = (

H, — ( o +ial¢]
0

(v(0,&),v:(0,£)) = (@0 (&), @1(£))
vi \ [ O+ tal§|v
o1 |\ O — tal€|v
’ O ’ Bl — 0 ’
S ) (
< |C;'||v1|2
> _IC;’Ilvllz

a,
ot =~ at0 |

o1 (¢, €)] 4

f

AVARR VAN

vl(th €)
vl(th 5)

eXp (fto |C;((:))|d8

exp ( fto

la’(s)l g
a(s)

)

)

).



8t‘/2 — ((1)2 + B2)‘/29

b, = ¢2 i ’ B, = 0 b ’ 51:7' .
0 sz b2 0 4a’2|€|
f2 =B (1 ( . )) +'( g — 2L )
—_—— (9 11 Qa —
2 9 t g 1 — |51|2 1 — |51|2

=@2.r + 1P2.5

b B 1 (a/)3 . CL” (al)2
T 14, <_32a5|§|2 —° (4a2|€| B 2a3|€|))




2
Bt|va]® = 2¢2,m|v2|” + 2R{byv2T3} [ < 2(¢am + |ba]) |02
| 1 > 2(¢2,§R — |b2|)|f02|2
| (t €)|2 <( < |’02(t09 €)|2exp (2 fti) (¢2,§R + |b2|) ds)
Va2 ( T,
\ > |’02(t095)|2 exp (2 ftf) (¢2,§R _ |b2|) ds)
- ) " va(t, &) is defined
01 <1

=> < C7Hv1| < [va] < Cloy
& 4a’|€] > |a| .
\ J _exp ( fto D25 ds) is bounded




|a/|3 |a//| (a’)2

ik L' ((to, t * 1by| ds): bdd
e g Jg €Y (o) = exp (] b ds)

1a® ()] < CL(1+8)~* (k=1,2), (1+to)|é] = N(> 1)
= C_llvl(tm E)l S |v1(t9 €)| S C|v1(t09 €)|

. |
&




8,Vo = (®o+Bo) Ve, Vo = ( o0 ) —~ ( Ot + 1acolC ) ,

Vo v — ta|&|v
i(@®+a2)l§l (1 0
(I)() — 0
20 0 —1
t(a®> —a? )&l [ 0 —1
5 _ ia*— a2 )lg |
205 1 0

(a* —a2,)|¢]

S{v}
o0
2 2
< la ac:ooo||€||vo|2 < C|€||’UO|2
< —latmaxlitl| 012 — Cg]|vo)?

\ Ao

3t|’00|2 —
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Key of the proof

(i) Division of the phase space {(t,&) € [0,00) X R™} into
ZH and Z\I;

i) In Zg = {|€| > N1 +t)~1}:
. The transformation v; — v, is valid. (Dlagonalization)

. a’(t) € L' does not required; we need the boundedness of

(1 +to) [, (Ia'(s)* + |a”(s)]) ds.

(i) In Zg = {|€] < N(1+t)~1}:

- a € C' is not necessary; we only use 0 < ag < a(t) < a;.



Why can we overcome the infinitely oscillations?

n ZH ..................

/

|U2(t7 5)'2 <

| > [va(to, )| exp (2 fto (¢2§R —-|b2|) ds)

---------------

epalelte) o
2, = —0; | log "‘
2 1 — [6,]2 [LlinZH]

Z(fo)) 03 (tos €)2 < [03(t, €)[2 < Cas (( ))

1 — |01(%0)|? ( /t )
Cor = T2 b-| d
== T mpr OP A\, 1

We can distinguish the signs of a’(t) in the estimates.

CoH_ |'U2(t09 ‘5)'2




Related results

[. Unbounded a(t) = A(t)w(t)

{ A(t): C=, X(t) >0,

A(t) = [3 A(s)ds

w(t): C2, 0 < wy < w(t) < wy

-

W ()] < CRA(t) (%

)k (k=1,2) = (GEC)

([Reissig-Yagdjian (2000)])

\

J

A(0)

(GEC) & C_le(O) < E(t) < C——=E(0)

A(t)

A(t)



II. Dissipative wave equation: (82 — A + 2b(¢)d;) u = 0

{ b(t) > 0, b(t) < by (1+t)72,
b'(t) <0, |b(t) < CA+1t)~?

(

b1<1, ’U,OEHl, ’U,leLz
= C'<OQ+t)™"E(0) <C

([Wirth (2006)])
J




(7 — (AHw()*A) u = 0
[\ T =A@), B(r) = bt(r)), p(r) = A(t())
b(r) = {log (u(r)B(7))}

\V/ v(T, ) = u(t(7), x)

(8] — A 4+ 2b(t)8:) u =10



Refined diagonalization procedure

Question:
Can we derive a benefit of C™ (m > 3) property of a(t)?

Review of the diagonalization procedure v; — v in Zg

V1 = (1 + By) Vi,

5 — 2+ jal¢| 0 _ [ O
' 0 %—ialél 0 ¢

B, — Oa, —;’—a _ 0 b;
—5- 0 by O




Vi = (¢, + B1)V;

1 & —1b
‘/2:M1_1‘/17 M1:<5 11>9 51:2;1
1 1,3

8,5‘/2 — ((]:)2 _|_ BZ)‘/2

&,

(&) ==(n%)
0 s by O

Gom — B (1 ( . )) ¢ g - 2100
== — (§) 0 S — 4 A —_
2,9 5 t g 1 — (0,2 2, 1 — |6:1)2

~

b < C(1+¢t)™

6] S C(+)7HeT |8 < C(a+t)2e

b6 ]2 — 8

bol < C(1+t)7%€|™! by =
bal < CO+ 026l | (b= PR




OtVjr1 = (®j41 + Bjy1) Vi

Lemma. a(t) eC™, V,, = M_"',
0| <1(g=1,---,m—1) = 0;Vn,

* 'M_l‘/la

= (®m + Bim)Vin

‘/1 — t(vla v_l)a V1 — atv + ZCL|€|’U




¥

-

-
Djt+1,p =

Pjt+1.8 =

bjt1 =

-

|Vm (£, €)% §

0 &;

b; 0
2 t ® {czl (1 o |5k|2)

i _

alé| + >
k=1

b;|d;|* —
1 — |42

2|05 Pr.s + {90k}
1 — [0k|?

O,...,m_]_)

(J

y

< |vm(to, €)]? exp

> |vm(to, €)]? exp

2 [ (¢ + |bml) ds

( )
(2}, (Smm — 1bm]) ds)

. —



(GEC) for very fast oscillating coefficient

' (t)] < C(1+1¢)7"

4 L .
B >1 = (GEC) ... veryslow oscillation (trivial case)

B =1 = (GEC) --- slow oscillation (critical case)

B <1 = np (GEC) --. very fast oscillation

AN

Contribution of C*? property of a(t):
[a”(t)] < C(A+1)77




The refined diagonalization with C™ property of a(t):
[a® @) < CA+H)™ (k=1,--+,m)

can conclude (GEC) for very fast oscillation 8 < 1!
if a(t) satisfies the stabilization property.

Contradiction to the example of no (GEC):

la(s) —ax|lds < C(14+t)* (0<a<1)
(stabilization property)

a(t) =2+ cos((1+1t)") (p > 0)
l does not satisfy the stabilization property
[ t
J

.




Zg={t <7}, Zu={t =7}, (1+7)%§ =N

m = 2
il’lZH
0 b,y .oal
O Vo = (P + B3)V,, B, = 01 = 1
tV2 (2 2) 29 2 <b2 O)a 1 4a2|€|

b B 1 ( (a/)3 ( CL” (a/)z ))
T 1-6, \ 32a5¢|2 " 4a?|€|  2a3|€]
61 <K CA+t)PlE ' =CN "1+ t) P14+ 1) K1
(< B, N>1)
t t
/ by|ds <C / (1 + )2 1ds

SC(]_ 4+ To)a—ZB—l—l S C (a -+ 1

2

— A< 1))



n Z\I;
v — ta|&|v

P EA

To
e R IR ]

20 o0 0 -—1 20 o 1 0

OV + tao |E|V )

d:|vol® < Cla — ao||€||vol?

(@) <exp (Clé] [ la(s) — aulds ) [(0)

<exp (C[€](1 + 7)) [vo(0)

=e“"|vo(0)?



[m:2,,8: 1=>(GEC)

[a® ()] < Cp(14+8)7 (1 < k < m)

‘Theorem. ([H. (2007)])

ﬁ:a—l——a = (GEC)
m

\_

-
Corollary.
a® ()] < Cu(1+ )7 (k € Z)

B8 >a = (GEC)




t

la(s) — as|lds < C(L+ 1), |d/ ()| < C1+t)~"

0

TN
1
N

a—1
m
y fast oscillatio

I

€

(

)

1
[lation

(slow osc

€]

€]

A
ek

a<l1

(stabilization)

1
(trivial condition)




Related results (C™ property of the coefficients)

|. Unbounded propagation speed: [H. -Wirth, preprint]
11. Dissipative wave equations: [H. -Wirth, 2008]

[11. Applications to Kirchhoff type equations:
[Manfrin, 2005], [H., 2007]



Consideration near the critical case

[ a® )| < C,(1+t)*P (keZ), B>a = (GEC)J

@ a(t) € C* = a(t) € v° (Gevrey class)

‘Theorem. ([H.])

a® (1)) < k1" (C(1+ 1) (log(e +1)°) " (k € 2)

0 >s = (GEC)
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