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1. Introduction

- { (02 — a(t)2A) ult, ) =0, (7)€ [0,00) x R™, (1)\

(u(O,x),ut(O,x)) — (UO(x)vul(ZB))7 z € R,
\- J

{E(t) — % (a(®)?|IVult, )72 + 10u(t, )||72 ) ]

0<ag<a(t) <ay, a(t) € C([0,00))

a(t) = ag (const.) = FE(t) = E(0) (Energy conservation)

a(t) Zag = E'(t)=da||Vu||? 20 = E(t) £ E(0)



2. Trivial estimates by C* property of the coefficients

E'(t) = d'(t)a®)IVu(t, )|

2|a’(?)] : 2|a’(?)]
—> - "o E(t) < E'(t) < 200 E(t)
— > exp (—GL3 IK |a’(3)|ds> E(0)
B(t) { ’
< exp (a% K |a’(s)|ds) E(0)

a’(t)] < Ci(1+¢)7P (8 > 0)

Example: a(t) =2+ cos ((1 +¢) 77t (B<1)




e MDE(0) < E(t) < e™E(0) (t— o0) @

(n(t) >0, 7'(t) >0)

-

Theorem 2.1. |a'(t)| S (1+t)7° = (2) holds for
Pt (0<B<1)
n(t) = {logt (6=1)
1 (6>1)

Question. Can the estimate (2) be improved or not

under some additional assumptions to a(t)?




n(t) ~ 1
C'E(0)< E() <CE(0) & E(t)~ E(0)

Generalized energy conservation (= GEC)

[ Theorem 2.1. |a'(t)| < (1+t)77, B> 1= (GEC) J

Main purpose

Take f smaller as far as 1t 1s possible under some
additional assumptions to higher order derivatives
of the coefficient.




3. C? property in the critical case

p
Theorem 3.1. ([Reissig-Smith (2005)])

a(t) € C?, |[a® ()| < Cr(1+t)7% (k=1,2)
= (GEC): (E(t) ~ E(0)) (B=1)

Example: a(t) = 2 4+ cos (log(1 +t))

(Theorem 3.2. (GEC) does not hold for
a(t) = 2+ cos (log(1 +t)'*°) (Ve > 0).

la’(t)] < C(1+¢t)" ! (log(e + t))°
a(t) =24 cos((1+1t)°) (Ve > 0).

ld'(t)] < C(1+t) e




4. C™ property in the super-critical case

fTheorem 4.1. ([H. (2007)])) m = 2,
a(t) € C™, [aW(t)| < Cp(1 +8) ™™ (k=1,--- ,m)

G € [0,1), /O a(5) — awds = O(t) (£ — oo)

J5 a(s)ds

(oo = lim
t—00

1l — «

= (GEQ) hold for 8 > B := o+ .
\_ ™m

lim B, = a = [ = « is the limit case as m — oo

m—0o0

f Corollary. (m = 00) [ |a(s) — ac|ds = O(t*) (t — oo)
a(t) € C=, [a® ()] < Cp(1 +t)7*° (Vk € N)
= (GEC) hold for Vg > «a.




Summary of the conditions for (GEC)

') < C(1+1t)F
(with |[a® )| < CL(1+t) P (k=2,---,m))

Ji]a(s) — aglds = O(t¥) (t — o)

Regularity of a
Singular A Regular

m 1 ) m o0
3 ., /{////// l -« l -« -
o+ e | oo+ o
//////// 2 m =
Fast Slow

Decay order of |a’(t)]

0<a<l)




4. Idea of the proof of Theorem 3.1

(07 — a(t)*A) u(t,z) =0
ﬂ Fourier transformation (u(t,&) = v(t, &))

(0 + a(t)*[€]%) v(t, §) =0

C~'E(0) < E(t) < CE(0)

@

C7E(0,8) < £(t,¢) < CE(0,¢) (£ €R™)

{“f’(t, &) = 5 (al®PEPh(t, OF + lu(t. ) ) }




(07 +a(®)*|§]") v(t,€) =0

OVi = (&1 + B)Vi, Vi = (E) — ( O - dalSlo )

U1 Ov — 1alé|v

q)]. — S_CL —I_ Za’|£| a’ O ’ Bl — Oa,/ _g_a,
0 2 ZCL|€| 54 0

Remark. 8,V = (& + B)V, ¢ = R{d}, o5 = S{o},

t (¢ 0 (0 b
[ dmas| <1, @—(O g), B_(b 0)

— |V(t €)| 5 |V(t07§)|exp Cﬁi|b(s,§)|ds)
; Z |V (2o, &)| exp _Cfti |b(8,§)|ds)

-

J




— B
O V1 (CI>1—|— 1)V1 (¢1 0 ) .
’ 1

_ (o &
I =10 & - ( by O )
1 5 —1b
= M{'Vi, M, = L), 6=
Diagonalization V2 b ! ( o1 1 ) ' 2¢1g
f|5 = %| Ci1(1 + )P < Cq < 1
YT ogle] 4a2 N ~ 4a2N — 2
(8,€) € Zg :={(¢,£); (L+1)%[¢] = N}
S 0<a<p, N>1)
A4

0,Vy = (Po + By) Vs (I)Q_(qz(ﬁ)z %>, By =

1 a
¢2,§R — 5815 (]'Og (1 _ |51|2)) 9 ¢2,8 - a’|§| T

by|61|2 — &
by = ‘
1 — |64]

2|01

1— [6,]2




t' \
Zy
; 1+t
N




0,V = (P; + B;)V;

Vi ¢; O 0 b;
H %:<%)’¢j:<03$>’3f:(b- 5)
J J J
Jj th step of o
Diagonalization 1 o —1b;
Vier = MYV, M; = ! 0; = =—2
H J+1 j ' J (53 1 )7 J 2¢j,3

M; is invertible only in Zg! ]

-

\

~

1 a
broim — L0 (1og( | ))
’ 2 ....gc=1 (1 _ |5k|2)
j N
2|6k |2k + S{8L0
{ Gire = alé "‘Z Ok "0, 2{ Ok}
k=1 1 — |ox]
B bj|d;|? — &
g+ 1 — |§;]2 (j=0,---,m—1)

/




Symbol class in Z,,

ft,€) € S{p,q} & 167 f(t,€))| < Crl€]P(14t)777*

[Properties: A
(i) f e S{p,q}, 9 S{Y,d}t = foeS{p+r,9+ ¢}
(i) f € S{p,q} = 0ff € S{p,q + k}
(iii) f € S{p,q} = f e S{p+1,q—-1}
_ Y,
a € 5{0,0}
b — & e 5{0,1}, &, = —th _ it S{—1,1}
1= 79, T T 2014 2a¢] ’
2 S
by = bijon]” — 0y € S{—2,3}U S{-1,2} = S{-1,2}
1 —[6:1]?

by, ES{_k+17k}a 5k ES{_kak} = bk—l—l ES{_k7k+1}



Proposition.
b € S{—m + L,m}, | [} dmnds| S 1, |Viu(t,€)|> = E(¢,£) in Zy.

t t
/ bl ds <[¢[ ™ / (14 5)™ds < |67 (1 + )P+
to

to
SN—m—I—l(l _I_ to)a(m—l)—mﬁ-Fl 5 1

1l — «

= f>a+
m

{ C1E(to, &) < E(t,&) < CE(L,&) inZn J




to

t1

€]

{(t,€) ;. ((11
Z\I; = {(tjg) | |
o ::(1 + t0)%|¢

(t,€) € Zw

) ]
I + lui(t

|lu(t,

= (aZlef?

[fj(t,f) = 9

E(t, €) ¢
=

—C)
> £(0,€) exp (

a — d (E 75)
—Clla — E(¢, ¢
>

£) exp
(< g( 9




Summary of the conditions for (GEC)

') < C(1+1t)F
(with |[a® )| < CL(1+t) P (k=2,---,m))

f(f la(s) — axo|ds = O(t*) (t — oo) (Stabilization property)

Regularity of a
Singular A Regular

m 1 ) m o0
3 ., /{////// l -« l -« -
o+ e | oo+ Q
//////// 2 m =
Fast Slow

Decay order of |a’(t)]

0<a<l)




5. Gevrey property

Consider near the critical case a = £3:

a® (@) < Ce(l+)™ (k=1,--- ,m)

ﬂ m — 00, B — «

a®(1)] < Ok ((1+1)* (log(e +1))°) w1, 6>0)




Gevreyclass v>1, p>0

v = {f) € C™; [P < Cp kMY, v =)

p>0

(Theorem 5.1. (H.]) a € v (v > 1),

\§

a® ()] < Ok ((L+0)* logle +0))°) (52 0)
Ja € [0,1), /0 a(5) — awds = O(t%) (t — oo)

= (GEC): E(t) ~ E(0) is valid hold for § > v.




Summary of the conditions for (GEC)

/|a ) — Goo|ds = O(t%)

a® @) < CeA®)* (k=1,--- ,m)
m < o0 m = OO C, = Ck"
a(t) 1 cm C*> v” %
At)| thte pot o tote t“(logt)” /%

0<a<l, v>1)



6. Key idea of the proof of Theorem 5.1

tk(€) © Ate)lE] = (1+ 1) (log(e + ti))° |€] = N(k +1)"
: Zk ZZ{(t,f) e < T < tk} )

—{(t,€); N S AB)IE| < N(k+1)}

Lo

% Zs
— Z,
VA 7

- €]

4




Symbol class in Z,
f € Se{p. g} & 10]f1 < plélP(q + ) A() @)

4 )
Properties:

(i) f € Se{p,q;1}, g € S{p’,d';1} = fge S{p+p,q+ ¢k}
(i) £ € Se{p,q;1} = f € Se{p+ 1,9 — 1; L (EtE)}

\

The following estimate 1s essential for (1):

i (Z) (k!(nnT k>!>y <C & v>1

k=0




i Proposition. The followings hold uniformly with respect to &:
| [ dmds| S 1, |Vi(t, 6P = E(t,8), by € Se{—k + 1,k; p*} in Z.

J/

b € Se{—k + 1,k; p*} = |be] < p"RIVA() 7 [¢) 7

(t,€) € Z & NE < AB)E| < N(k +1)"
& PPN Hgl
g {pk—l(k . 1)!u)\(t)—k+1|€|—k+2
=+ A e (o= N

[The order of b, is better than b;_1 and bgy; in Zk.J

Jo bl ds < pPRI (€[ M (Err)) *tel€] = pFRY (NE) 7*8[¢]

= ()" (8)" 10kl 5 ogty



6. Some remarks

(D) Initial boundary value problem with a compact boundary
[ (02 —a(t)?A) u(t,z) =0, (t,z) € Ry x €,
(u(0, %), w (0, 7)) = (uo(z), ua(z)), = €Q,
u(t,z) =0, (t,z) € Ry x 0f.

The first eigenvalue of —A is positive = Zy is compact

/"

\

(1+t)*Nj=N (j=1,2,--+)

Zy,; = |0, max{t;,0})
ZHJ ‘= [max{O,tj},oo)




(GEQC) for IBVP in bounded daomin

/ a(s) — alds = (), 1a® ()] < CAD™* (k=1,- - ,m)
’ 0<a<l, v>1)

Cauchy Problem

m < o0 m — O C, = Ck!”
a(t)] O c™ C v’ /
)|ttt ot tote t“(logt)”
IBVP

m < o0 m = OO C, = Ck”

@) e tm t© (logt)” %




(11) Application to the Global solvability of Kirchhoff equation

Ofu— (14 ||Vu(t,-)|l72) Au=0 (Kirchhoff equation)

<

Ofu — a(t)?Au = 0 (Linearized equation)

(1) We easily have the estimate:
la'(t)] < C(T — t)_% (3T > 0) = dlocal solution on [0,7)
(ii) The solution can be prolonged from ¢ =T if |a’(t)| € L*([0, T)),

but one cannot expect 1n in general. ..

(iii) |a'(t)] € L'([0,T)) is not necessary for supyepo.r){ E1(t)} < o0
if a®(t) satisfy some suitable conditions on [0, T).



[Manfrin (2005)]
Global solvability in B} by using C?® properties of a(t).

[H. (2006)]
Global solvability in BX* (Vm > 4) by using C™ properties of a(t).

(111) Weakly hyperbolic equation with Gevrey coefficients

[Colombini — Nishitani (2000)]
[H. (2005)] (C* coefficient)



