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§ 1. Introduction
The Cauchy problem of 2nd order hyperbolic equation:
(07 4 200,0, — a*9*)u =10, (t,r) € Ry xR,
(C) § (u(0,z),0u(0,x)) = (ug(x),us(x)) x €R,
a=a(t), b=">b(t), a* + b* > 0.

Total energy of the solution of (C):
E(t) = [|0u(t, )| 12w,) + 10u(t, ) 12w,

“Generalized Energy Conservation (=(GEC)” as ¢ — oo:
C'E(0) < E(t) < CE(0) & E(t)~ E(0).



Basic properties
Eo(t) := a(t)*||Ou(t, )II* + [|Owult, -)||* = E(?),
a € C'(]0,00)), 0 < ag<alt) <ay.

Eq(t) =2d(t)a(t)||Ou(t, -)||* — 4b(t) (00su(t, ), dpu(t, )
= £ 2a, '/ (1) Eo(t)

= Fy(t) ; exp ( -2a; fo a’ (s \ds) FEy(0)

i) b(t) has no influence for the estimate of Ey(?);

iii) ' € L'(Ry) = Eo(t) ~ Eo(0) (= (GEC));

(
(ii) No “energy conservation” if a'(t) # 0;
(
(iv) (GEC) is not trivial if «’ € L'(R,.).



§ 2. Previous results
Conditions to the coefficients

0 < co < a(t)?+b(t)?2 =:c(t) < e,

’

a® ()] S (1+t) e

~ k=1 ...
P ()| < (1 + t) k0 = toem)

o (Ja(s) = o]+ [b(s) — boo|) ds S (1 +1)°
(oo, Fboo, @ € [0, 1))
(i) (GEC) is trivial if G, > 1;

(ii) a = 1 gives a trivial condition.



b=0

[a(t) c C™, |a®)| < tHPa, fg a — ay|ds < to‘]

m=1, 8, > 1= (GEC) (trivial case)
m =2, 8, =1 = (GEC) (Yamazaki ('89), Reissig-Smith (’05))

m = 00, B, <1 = not (GEC) (Reissig-Smith ('05))

m>2 a<l, B, > o+ 1_7"‘(< 1) = (GEC) (H. (07))
m = o0, 8, <a<1= non (GEC) (H. (07))

a €~ (Gevrey class), B, — a + 0(H. ('10))



b(t) # 0
a(t),b(t) € C™, |a®)| S M pBI] S ¢k
Jo (Ja = aoe| + b= bc|) ds S t°

m =1, B, > 1= (GEC) (trivial case)
m=2,03,=1, B, >1 = (GEC) (cf. Reissig-H. ('05))

m=2,0,=0,=1= non (GEC) (cf. Reissig-H. ('04))

m =2, B, = B =1, “Levi’s condition” (L1):

[ e

(cf. Reissig-H. ('05), D’Abbicco-Lucente-Taglialatela (’09))

(L1) < C = (GEC)




Summary of the previous results

(02 + 200,0, — a?0?)u = 0, c= a2+ b?,

(k) —kBa  |}(k) —k S N
S OIS 0|V )
Ji(la = ane] + [b— buol)ds S . Mo e8] 1T g
h=0 b+ 0
m =1 G, >1
=8, =1, (L1
m = 2 ﬁa =1 ﬁ /Gb ( )
(Ba = B =1, non (L1))
> I 1—04
ms2| =0T 7?7




Examples
fot la(s) — aso| ds <t

x(7) € C™([0,1]), x(0) = x(1) =1, x(7) = 0,
I; = [ty t; +15], t; =27,

X(t; 2t —1t;) (el j=12--)

7 ¢ ¢ U1,
fot % ds‘ < (C
a(t) =b(t) = /(; [Z((j)) ds| = % /0 aa,((j)) ds




Why do we call (I.1) “Levi’s condition”?
[ (07 + 2b0,0, — a’02) u =0 |

] w6 =act.¢)
[ v 4+ 2ibEV’ + a?€%v = 0 ]
ﬂ w(t; &) = exp (—i& ff b(s) ds) v(t; &)

[w”—|—02§2w—i§b’w =0, c= \/a2—|—b2]

c(t) =t V(t) = t*

oo b/ (s
ft c((s)) ds

< (C<«k>1-1




§ 3. Main theorem
(02 + 2b(t)0,0, — a(t)?0) u = 0

4 )
a® ()] + oW ()| St (k=1,--- ,m)
Jo (|a(s) = ase| + [b(s) = boo|) ds < t°
t b (s
c=vVat+b, |, c((s)) ds‘ <C .- (L1)
\_ J
Theorem 1

m=2, 0> (=a+32), (L1) = (GEC).

m =3, 3> 2 (=a+ 52), (L1) = (GEC).




Conditions for (GEC)

b=0 b # 0
m =1 6, >1

ﬁazl ﬁazﬁbzla (Ll)
m — 9 (ﬁa — ﬁb = 1, non (Ll))

Go>a+ 52| B>a+352, (L)

m=3| 0. >a+52 | B>a+52, (L1)
m > 4 @ZQIZ? ???

(B < @)




(62 + 2b(1)9,0, — a(t)20%) u = 0

[

\_

c = va?+ b2,

a® )]+ BP0 <44 (=1, m)

fot (Ja(s) = aoo| + |b(8) — bso|) ds S t°
t b (s

Ik %S))ds‘ < (-

~

.- (L1)

J

e

\.

[t e =

O

ds

<t (L2)

~\

J

Theorem 2

m=4,5, [>a+ 2, (L1), (L2) = (GEC).




Conditions for (GEC)

b =0 b 0
m =1 ﬁa > 1
— /Ga:ﬁb: 1, (Ll)
m = . = 1
2 ’ (B, = Bp =1, non (L1))
m=4,5|f, > a+ 22| f>a+ 22, (L), (L2)




Remarks
a®) ()] + [p® ()] St (k=1,--- ,m)

. (L1) is not trivial for § = a + =2(< 1), m > 2.

/Ot ZZ((;) ds §/Ot ’b,(j)‘dsgfot(lJFS)ﬁdS—mo

c
II. (L2) is not trivial for § = o+ =2(< 222) ' m > 4.

/OO C(b’CH . b”c’) T b’((c’)g . (b/)2)d8

o

m~

¢
< / (1+ s)_gﬁ ds < =30 (< t7%* is not true)
0



§ 4. Sketch of the proof

Our goal: prove the estimate

4 )
Et;€) = W (G E + vt €))° = £(0; )

7 : ! 2¢2,,
g V" 4 21660 + a*E°v = 0 ,

In low frequency part

We easliy have the estimate £(¢;&) ~ £(0;&) in Zy:
Zw = (t,8); 0 <t <tej, (L+1)%¢[ = N

by
f(f (Ja(s) — aco| + |b(s) — boo|) ds S t°.



In high frequency part

I =(8) 5 t 2 te), (L41e)*[E] =

Keywords
symbol class, diagonalization, real parts of diagonal entries

f(t,€) € S{p,q} & 107 f(t, )] S [EP(1 + 1)~ P+

S{p,q} D S{p—1,9+1}

f(tag) = S{_(m_l)am}
:>ft£|f §)|ds SCfor f>a+ =2



w” + a*€w — WEw =0, w(t;€) = e €SP byt €)

4

(&£ — @y — Ry) Wy =0, Wy =Hw' + iew, v’ — icw)

o1+ 0 . c b
(I) — —— — I
: (0 b | P =TT o T o
0 74 b
— — — 1 1
Rl (Tl O )7 14+ 2 9. - S{O, }

(Wi(t;€))° ~ E(t; €)
S E(te; §) exp (C (

j;i %{Qﬁli}dS

-+ fti‘ ‘Tli‘dS))



Without (I.1)

[(%-@1—31)%:0, Ry € 8{0,1} ]

a,be C* @ dMy in Zy, Wy = M,Wh,

(L — By — Ry) W =0,

Ry € S{0,1} (Ry € S{—1,2} for b= 0)

G

a,be C? @ dMy in Zy, W3 = MW,

(L — B3 — Ry) Wy =0,

R; € S{0,1} (R3 € S{—2,3} for b =0)
G




With (L1)
[(% — @, — R) W, =0, R, € S{0,1) ]

CL,b - 02 @ ElMl n ZH; W2 — lel,
r

(L — By — Ry) Wy =0, A

kRg e S{—1,2}, |exp (j;i gbgi(s,f)) ds

EIMQ n ZH; Wg — MQWQ,

<C

J

a,be C?
-

NV
(& — P35 — R3) W3 =0,

R3 € S{—2,3}, |exp (j;i gbgi(s,f)) ds
\

(Wit )7 = [Wat; &) =~ [Ws(t;€)]* ~ E(;€)




With (L1) and (L2)
[(% _(I)3 _R?)) W3 — O, RS & S{_2)3}]

a,be C? @ dM3 in Zg, Wy = M3Ws3,
p

(L — @y — Ry) Wy =0, A

\R4 e S{—3,4}, |exp (j;i gb4i(3,§)) ds

E|M4 n ZH? W5 — M4W4,

<C

J

a,be C?
-

NV
(& — @5 — R5) W5 =0,

Rs € S{—4,5}, |exp (j;i gb5i(3,§)) ds
\

Wa(t; )2 = |Ws(t;6) > ~ E(t;€)

~N

<

J




Thank you very much for your attention!
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